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1
Introduction

This survey paper is  devoted to Hamiltonian geometry of integrable partial  differential  equations and the
theory  of  infinite-dimensional  symplectic  and  Poisson  structures.  Infinite-dimensional  symplectic  and
Poisson geometry is closely connected with modern mathematical physics, field theory, and the theory of
integrable  systems  of  partial  differential  equations.  In  particular,  structures  studied  in  the  present  paper,
namely,  symplectic  and  Poisson  structures  of  special  differential-geometric  type  on  loop  spaces  of
manifolds,  generate  Hamiltonian  representations  for  a  number  of  important  non-linear  systems  of
mathematical physics and field theory, for example, such as systems of hydrodynamic type (these systems
arise not only in Euler hydrodynamics and gas dynamics but also, in particular, if we apply the Whitham
averaging  procedure  to  the  equations  of  the  soliton  theory  [173],  [87],  [54],  [34],  [36]),  equations  of
associativity in topological field theory [174], [175], [17], [29], [30] (these equations also play one of the
key  roles  in  the  theory  of  Gromov-Witten  invariants,  which  is  being  developed  at  present,  the  theory  of
quantum cohomology, and certain classic enumerative problems of algebraic geometry [161],  [78],  [79]),
non-linear sigmamodels, Heisenberg magnets, Monge-Ampère equations, and many others. The presence of
the  Hamiltonian  representations  enables  us  to  apply  differential-geometric,  symplectic,  Hamiltonian,  and
biHamiltonian methods effectively to the investigation of these systems, to study integrable classes of these
systems, and to elucidate the differential-geometric, symplectic, and bi-Hamiltonian nature of the integrable
cases.

The  study  of  Poisson  structures  of  the  special  differential-geometric  type  is  initiated  in  the  works  of
Dubrovin and Novikov [34], [35], where the general Hamiltonian formalism of systems of hydrodynamic
type is developed in connection with the investigation of the Whitham equations describing an evolution of
slowly  modulated  multiphase  solutions  of  systems  of  non-linear  equations.  The  Poisson  structures
introduced  and  studied  by  Dubrovin  and  Novikov  (local  Poisson  structures  of  hydrodynamic  type)  are
generated by flat  pseudo-Riemannian metrics  and can be reduced to  a  constant  form by local  changes of
coordinates  on  the  corresponding  manifolds.  On  the  basis  of  this  Hamiltonian  approach,  Tsarev
[166] developed the differential-geometric  theory of  integrating for  diagonalizable Hamiltonian (and also
semi-Hamiltonian) systems of hydrodynamic type, in particular, the Whitham equations obtained as a result
of averaging for the Korteweg-de Vries equation.

In  the  works  of  the  present  author  and  Ferapontov  ([136],  see  also  [121],  [39],  [137])  a  non-local
generalization of the Poisson structures of Dubrovin and Novikov is  found; this  is  generated by arbitrary
pseudo-Riemannian  metrics  of  constant  Riemannian  curvature  (in  this  case,  the  results  of  Dubrovin  and
Novikov correspond to metrics of zero Riemannian curvature) and also plays a very important role in the
theory of systems of hydrodynamic type, in particular, in the theory of the Whitham equations. Further non-
local differential-geometric generalizations of the Poisson structures were studied by Ferapontov in [39].



In  the  Hamiltonian  theory  of  multidimensional  systems  of  hydrodynamic  type,  there  arise  new
differential-geometric  problems on the  description of  tensor  obstacles  to  reducing local  multidimensional
Poisson  structures  of  hydrodynamic  type  to  a  constant  form and on  the  classification  of  these  structures,
which is  equivalent  to the classification of  infinite-dimensional  Lie algebras of  a  special  form [35],  [36],
[105], [115] (the complete set of tensor relations for the obstacles and the complete classification in the case
where the number of components is small (1≤N≤4) are obtained by the present author in the works [105],
[115]).

The  study  of  non-homogeneous  Poisson  structures  of  hydrodynamic  type,  which  have  important
applications, in particular, in the theories of Heisenberg magnets, the Korteweg-de Vries equation, N-wave
equations,  and  other  non-homogeneous  systems  of  hydrodynamic  type,  leads  to  the  theory  of  Killing-
Poisson  bivectors  on  manifolds  of  constant  Riemannian  curvature.  The  theory  of  the  Killing-Poisson
bivectors is constructed in [115], [137].

General  local  homogeneous  Poisson  structures  of  arbitrary  orders  are  considered  for  the  first  time  by
Dubrovin and Novikov in [35], where the problem of their classification is posed. At present this problem is
far from being completely solved. Only homogeneous Poisson structures of zero order (Darboux), the first
order (Dubrovin and Novikov [34]), and the second order (Potemin [157], [158], Doyle [26]) are completely
classified. And only partial classification results have been obtained for homogeneous Poisson structures of
the third order (Potemin [157], Doyle [26]). The homogeneous Poisson structures of the third order play a
very important role (in particular, they take part in bi-Hamiltonian representations) in the theories of Monge-
Ampère equations (Mokhov and Nutku [139]) and equations of associativity in two-dimensional topological
field theory (Ferapontov, Galvão, Mokhov, and Nutku [50]).

Homogeneous  symplectic  operators  and  homogeneous  symplectic  forms  on  loop  spaces  of  smooth
manifolds are introduced and studied in the works of the present author [109], [110], [117], [124], [126]. Their
consideration  has  natural  motivations  connected  with  non-linear  sigma-models,  string  theory,  and  the
corresponding geometry of loop spaces. As the present author showed in [109], the motion equations of two-
dimensional  non-linear  sigma-models  with  torsion  (such  sigma-models  define,  in  particular,  the  classic
action  for  boson  strings)  possess  Hamiltonian  representations  generated  by  homogeneous  symplectic
structures of the first order on the loop spaces of pseudo-Riemannian manifolds, that is, structures of

the form
where is the scalar product on Tγ(x)M, defined by a pseudo-Riemannian metric gij on a manifold M, is a

loop  on  M  (that  is,  γ:  S1→M),  Tγ(x)M  is  the  tangent  space  of  the  manifold  M  at  the  point  γ(x),  and  is
covariant differentiation along the loop γ on M. In the works of the present author [109], [110], the problem
of the description of homogeneous symplectic (presymplectic) forms on loop spaces of smooth manifolds is
completely solved for symplectic forms of the first and second orders (symplectic forms of zero order are
classified  by  the  classic  Darboux  theorem  of  finite-dimensional  symplectic  geometry).  In  particular,
symplectic  structures  of  the  first  order  are  specified  by  affine  connections  on  a  pseudo-Riemannian
manifold such that these connections are compatible with the corresponding pseudo Riemannian metric and
their  torsion tensors define closed 3-forms on this  pseudo-Riemannian manifold [109],  [124].  Symplectic
structures  of  the  second  order  are  generated  precisely  by  symplectic  connections  on  almost  symplectic
manifolds [110], [124]. 

The  interpretation  of  the  homogeneous  differential  structures  (homogeneous  Poisson  brackets  of
Dubrovin and Novikov and ho mogeneous symplectic operators) as symplectic forms and Poisson brackets
on loop spaces of smooth manifolds was proposed for the first time by the present author in [109], [110].

2  O.I.MOKHOV



In  the  present  author’s  works  [114],  [116],  general  homogeneous  k-forms  of  arbitrary  orders  on  loop
spaces of smooth manifolds were defined and studied, the complexes (Ω[m],  d) of homogeneous forms of
arbitrary  order  m  were  constructed,  and  the  cohomology  groups  of  these  complexes  (homogeneous
cohomology groups of order m of loop spaces of smooth manifolds) were found for a number of cases.

In this paper, particular attention is given to symplectic and Poisson structures and also k-forms that are
invariant with respect to the action of the group Diff+(S1) of orientation-preserving diffeomorphisms of the
circle S1, that is, to structures on loop spaces that do not depend on parametrizations of the loops. This is
important, in particular, from the viewpoint of applications in the theory of closed boson strings in curved N-
dimensional space-time M with the metric (gravitational field) gij. The configuration space of these closed
boson  strings  is  the  loop  space  ΩM  of  the  pseudo  Riemannian  manifold  (M,  gij)  (the  requirement  of
invariance or, in other words, independence on the parametrizations of the loops is necessary in the theory of
boson strings for physically sensible objects on the configuration space ΩM).

Moreover,  compatible  symplectic  and  Poisson  structures,  generating,  as  Magri  discovered  [88],  [89],
integrable  bi-Hamiltonian  non-linear  systems,  are  of  particular  interest.  The  study  of  the  compatibility
condition for symplectic and Poisson structures on loop spaces of manifolds leads to new interesting and
non-trivial differential-geometric problems, the solution of which makes possible essential progress in the
investigation  of  integrability  properties  of  the  corresponding  non-linear  systems  of  partial  differential
equations. It is necessary to study the compatibility conditions for natural classes of Poisson and symplectic
structures. For the first time the problem of such type was considered by the present author in [101], [103],
where all compatible local scalar Poisson structures of the first and the third orders, that is, all compatible
Poisson brackets determined by arbitrary scalar differential oper ators of the first and the third orders, were
completely described and classified. This is a natural generalization of the well-known compatible Poisson
brackets of Gardner, Zakharov, and Faddeev (the Poisson bracket of the first order [63], [180]) and Magri
(the  Poisson  bracket  of  the  third  order  [88])  for  the  Korteweg-de  Vries  equation.  Then  this  result  was
generalized by Cooke to the case of local scalar Poisson brackets of the fifth order [16].

The  important  and  very  interesting  problem  of  classification  or  effective  description  of  compatible
Poisson structures of hydrodynamic type has still not been solved in the most general case (see [29], [46],
[47], [56], [118], [119], [128]–[135]) although in the two-component case this problem has been completely
solved and, moreover, the equations for nonsingular pairs of compatible flat metrics (or, in other words, flat
pencils of metrics) have been also integrated by the present author [133]–[135] (see also [47]). As is shown
in  [118],  [128]–[130],  even  in  the  two-component  case,  this  problem  is  nontrivial  and  equivalent  to
integrating a curious integrable non-diagonalizable four-component homogeneous system of hydrodynamic
type. For this system, in particular, some integrable two-component reductions have been constructed [118],
[128]–[130]. Some of these reductions are generated by Riemann invariants of the system. But there is also
a  reduction  connected  with  the  associativity  equations.  And  in  the  general  N-component  case  there  are
always natural reductions to special solutions of the equations of associativity [29], [119], [128]–[130] (a
deep connection between certain special classes of compatible Poisson structures of hydrodynamic type and
the theory of Frobenius manifolds was discovered by Dubrovin [29], [31]).

Note also that, generally speaking, in infinite-dimensional symplectic and Poisson geometry there is no
analogue  of  the  general  Darboux  theorem.  Therefore  the  study  of  the  possibility  of  reducing  infinite-
dimensional symplectic and Poisson structures to a canonical constant form (in this case, we can effectively
apply, in particular, the methods of perturbation theory for investigations of the corresponding Hamiltonian
system of partial differential equations) is a very important current problem. 
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2
Differential geometry of symplectic structures on loop

spaces of smooth manifolds

2.1
Symplectic and Poisson structures on loop spaces of smooth manifolds. Basic

definitions

2.1.1
Complex of skew-symmetric forms on loop spaces of smooth manifolds

Let M be a smooth N-dimensional manifold with local coordinates u1,…, uN. A loop γ on the manifold M is
an arbitrary smooth parametrized map of the circle S1 into M, γ: S1→M, γ(x)= {ui(x), 1≤ i≤N}, x E S1. In this
paper by the loop space ΩM of the manifold M we mean the space of all smooth parametrized maps γ of the
circle S1 into M. The tangent space TγΩM of the loop space ΩM at the point (the loop) γ consists of all smooth
vector fields ξ={ξi, 1≤i≤N}, defined along the loop γ, with ξ(γ(x)) E Tγ(x)M, for all x E S1

, where Tγ(x)M is the
tangent space of the manifold M at the point γ(x).

Let us introduce the notation Ak, k≥0, for the linear space of all skew-symmetric k-forms ωk(ξ1,…, ξk)[γ]
on the loop space ΩM, that is, the space of multilinear maps

defined at all points (loops) γ E ΩM and satisfying the condition of skew-symmetry

where σ is an arbitrary permutation of k elements,

is the sign of the permutation σ, ξi E TγΩM, 1≤ i≤k. Note that the linear space A0 (the space of 0-forms on
ΩM) 

is defined as the space of functionals ω0 on the loop space ΩM:

The  differential  d  on  the  linear  space  Ak,  k  ≥  0,  is  defined  by  the  following  formula  (this  is  a  natural
generalization of the usual differential for k-forms on the Lie algebra of vector fields on a manifold):



(2.1)

where, in the general case, the commutator of vector fields is defined by the Gâteaux derivatives of one of
the vector fields along another:

(2.2)

(2.3)

For arbitrary smooth vector fields of local type
η=η(x, u, ux,uxx,…, u(p)) and ζ=ζ(x, u, ux,uxx,…, u(r))
this definition results in the formula

(2.4)

where  f(s)=dsf/dxs,  d/dx=∂/∂x  +  ux∂/∂u+uxx∂/∂ux+…,  is  the  total  sth  derivative  with  respect  to  the
independent variable x.

The differential d is a linear map

with d2=0. Thus we have the following complex of skew-symmetric forms on the loop space ΩM:
(2.5)

2.1.2
Symplectic structures

In the present paper we are interested, first of all, in closed skewsymmetric 2-forms ω(ξ, η) [γ] on the loop
space ΩM,  that is,  for any loop γ and arbitrary vector fields ξ, η, ζ,  defined along the loop, the following
conditions must be satisfied:

(2.6)
(2.7)

According to (2.1) the differential of skew-symmetric 2-forms ω(ξ, η)[γ] is defined by the formula

(2.8)

where  ξ,  η,  ζ  E  TγΩM,  and  here  and  everywhere  in  the  present  paper  Σ(ξ,  η,  ζ)  means  summation  over  all
cyclic permutations of the elements (ξ, η, ζ). Let us consider a bilinear form ω(ξ, η) [γ] on the loop space
ΩM:
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(2.9)

where ξ, η E TγΩM, ξ = (ξ1, …, ξN), η=(η1 … , ηN), and M= (Mij) is a linear operator depending on the
loop γ E ΩM:

Definition 2.1  The operator  Mij  is  called symplectic  and the  2-form ω  is  called a  presymplectic  form  (or
presymplectic structure) on the loop space ΩM if conditions (2.6) and (2.7) are fulfilled.

Remark 2.1 In the infinite-dimensional case presymplectic structures arising in the theory of integrable
equations of mathematical physics and field theory are usually called symplectic even if the 2-form ω;  is
degenerate on ΩM, that is, there exists a non-zero smooth vector field ξ along a loop γ such that ω(ξ, η) [γ]
=0 for all η E TγΩM. In the present paper we shall also adhere to this terminology. A detailed introduction
to the general theory of symplectic and Poisson structures on infinite-dimensional functional spaces in the
framework  of  formal  calculus  of  variations,  generally  accepted  terminology,  basic  notions,  in  particular,
general formal definitions of the complex of k-forms and the differential d, and also general symplectic and
Hamiltonian  conditions  for  differential  operators  in  formal  calculus  of  variations  and  all  necessary
references can be found, for example, in [20], [23], and also in [67], [69], [70], [24], [60], [55].

Under  local  change  of  coordinates  ui=ui(ũ)  on  the  manifold  M  a  symplectic  operator  Mij[u(x)]  is
transformed as follows:

(2.10)

This  is  an  elementary  consequence  of  the  transformation  law  of  vector  fields  on  a  manifold  and  the
following requirement of invariance for the symplectic form:

(2.11)

In  what  follows  we  shall  always  consider  symplectic  operators  as  corresponding  differential-geometric
objects with respect to local changes of coordinates on a manifold M.

Note that any symplectic form Ωij(u) dui Λduj on a symplectic manifold M defines the following obvious
non-degenerate symplectic structure on ΩM:

(2.12)

Definition 2.2 Symplectic structures of the form

(2.13)

on a loop space are called ultralocal 
Obviously,  all  ultralocal  symplectic  structures  on  the  loop  space  ΩM  of  a  smooth  manifold  M  are

generated by closed 2-forms ωij (u) on the manifold M. In this case the symplectic conditions (2.6) and (2.7)
are equivalent to the well-known relations of classic finitedimensional symplectic geometry

(2.14)

6 O.I. MOKHOV



(2.15)

and
Generally speaking, a symplectic operator defining a symplectic structure on a loop space can depend not

only  on  the  functions  ui(x)  as  in  the  ultralocal  case  but  also,  in  particular,  on  the  derivatives  of  these
functions with respect to x.

Definition 2.3 A symplectic structure ω on a loop space ΩM is called local if it is defined by a matrix
differential symplectic operator Mij such that all the coefficients of this operator are functions of x, ui(x), and
finitely many derivatives ui

(k)(x).
Let  us  consider  an  arbitrary  local  symplectic  structure  defined  by  a  matrix  differential  symplectic

operator

(2.16)

By  the  order  of  a  local  symplectic  structure  we  mean  the  order  n  of  the  corresponding  differential
symplectic  operator  Mij.  It  is  clear  that  the  property  of  localization  and  the  order  of  the  local  symplectic
structure are invariant with respect to local changes of coordinates on the corresponding manifold.

Skew-symmetry of the local bilinear form (2.9), (2.16) is equivalent to the relation

(2.17)

since for arbitrary smooth vector-functions ξ(x) and η(x) we have

The symbol ◦ means operator multiplication:

The closedness of the skew-symmetric local bilinear form (2.9), (2.16), (2.17) gives the following relation:

SYMPLECTIC AND POISSON GEOMETRY 7



that is, for arbitrary smooth vector-functions η(x) and ζ(x) the following identity must be fulfilled:

(2.18)

2.1.3
Complete description of all local matrix symplectic structures of zero order on loop

spaces of smooth manifolds

As the first non-trivial example we find the complete description of all local matrix symplectic structures of
zero  order  on  an  arbitrary  loop  space  ΩM,  that  is,  all  symplectic  structures  defined  by  an  operator  of
multiplication by a matrix function

(2.19)

This is a natural generalization of the classic symplectic structures ωij(u) on a symplectic manifold.
Remark  2.2  In  what  follows  we  shall  usually  omit  the  symbol  of  the  loop  γ  in  the  notation  of  a

symplectic structure ω(ξ, η) considered at an arbitrary point (a loop) γ={ui(x), 1 ≤ i ≤ N, x E S1} E ΩM.
Lemma 2.1 The operator ωij(x, u, ux, uxx,…, u(k) is symplectic if and only if 1, ωij=−ωji (skew-symmetry);

2. for two arbitrary smooth vector-functions

the following identity (the condition of closedness) is fulfilled:

8 O.I. MOKHOV



(2.20)

Lemma 2.1 follows from the general relations (2.17) and (2.18). 
Proposition 2.1 ([124], [115]) The operator

which  does  not  depend  explicitly  on  the  independent  variable  x  (that  is,  the  operator  is  translation
invariant), defines a symplectic (presymplectic) form (2.19) on ΩM if and only if

(2.21)
where Tijk(u) is an arbitrary closed 3-form on the manifold M and Ωij(u) is an arbitrary closed 2-form on M.

Proposition 2.2 ([124], [115]) In the most general case, an arbitrary local matrix operator of zero order

defines a symplectic (presymplectic) form (2.19) on ΩM if and only if

(2.22)

where Sijk(u) is an arbitrary closed 3-form on the manifold M and Ω(z, u) is an arbitrary one-parameter family
of 2-forms on M. The differential d in (2.22) is defined by the standard formula

(2.23)

Proof. Assume that there exist values of the indices i, j, s and m ≥ 2 such that ∂ωij/∂u8
(m) ≠ 0. Let

By our assumption we have R ≥ 2. The coefficient of in the identity (2.20) is equal to and by virtue of the
identity (2.20) this coefficient must be equal to zero, that is, for all i, j, s. Thus it is proved that R ≤ 1 and
therefore  ωij=ωij(x,  u,  ux)  are  functions  depending  only  on  x,  ui(x),  and  the  first-order  derivatives  In  this
case, the identity (2.20) can be rewritten in the following way:

whence, by considering the coefficient of we immediately deduce that

that is,

SYMPLECTIC AND POISSON GEOMETRY 9



(2.24)
Thus, local matrix symplectic operators of zero order, that is, all symplectic operators of the form ωij(x, u,
ux, uxx,…, u(k)), depend only on x, ui(x), and must be quasilinear with respect to the first-order derivatives

For  operators  ωij  of  the  form  (2.24)  the  skew-symmetry  and  the  identity  (2.20)  are  equivalent  to  the
following relations for the coefficients Tijk(x, u(x)) and Ωij(x, u(x)):

(2.25)
(2.26)
(2.27)

(2.28)

(2.29)

Relations (2.25)–(2.29) are equivalent to the following differentialgeometric conditions: Ωij(x, u) is a one-
parameter  family  of  skewsymmetric  2-forms  on  the  manifold  M,  which  is  parametrized  by  the  circle  S1
(here x E S1 is a formal parameter),

(2.30)

where Sijk(u) is an arbitrary closed 3-form on the manifold M (it is skew-symmetric with respect to any pair
of indices),

(2.31)

that  is,  Tijk(x,  u)  is  a  one-parameter  family  of  closed  3-forms  on  the  manifold  M,  which  is  defined  by
formula (2.30).

These conditions have a very simple differential-geometric sense in the translation invariant case, that is,
if the functions ωij do not depend explicitly on the independent variable x. In this case,

(2.32)
where Tijk(u) is an arbitrary closed 3-form on the manifold M and Ωij(u) is an arbitrary closed 2-form on M.

Note that in Propositions 2.1 and 2.2 non-degeneracy of the operator ωij is not assumed.
The following statement is an elementary consequence of Proposition 2.1: on the loop space of any two-

dimensional manifold any local translation-invariant symplectic structure of zero order is ultralocal.
Corollary  2.1  ([115])  All  local  symplectic  (presymplectic)  forms  of  zero  order  on  ΩM,  that  is,  forms

written  as  (2.19),  that  are  invariant  with  respect  to  the  group  Difi+(S1)  of  orientation-preserving
diffeomorphisms of the circle S1 have the form

(2.33)

where Tijk(u) is an arbitrary closed 3-form on the manifold M, and  they are always degenerate closed 2-
forms on ΩM, since

In particular, the velocity vector field of a loop γ = {ui(x)} always lies in the null space of the 2-form (2.33).
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In fact,

that is and consequently
In  the  theory  of  integrable  systems  a  very  important  role  is  played  by  invertible  symplectic  operators,

since the corresponding inverse operators generate Poisson structures (in this case, they are not necessarily
defined on the whole loop space ΩM). In particular, if a closed 2-form Ωij(u) is non-degenerate (that is, it is
a symplectic form on the manifold M), then for any closed 3-form Tijk(u) on the symplectic manifold M we
always have

and consequently there formally exists  an inverse operator  defined,  generally speaking,  not  on the whole
loop space ΩM.

Now  let  Ωij(u)  be  an  arbitrary  2-form  on  a  manifold  M.  Then  formula  (2.22)  defines  the  following
multivalued symplectic operator of zero order on ΩM:

(2.34)

where Sijk(u) is an arbitrary closed 3-form on the manifold M.
If Ωij(u) is a non-degenerate 2-form (det Ωij(u) ≠ 0), that is, the manifold (M, Ωij) is almost symplectic,

then the multivalued symplectic structure (2.34) is formally invertible

for any closed 3-form Sijk(u) (in particular, for the zero form) on the manifold M.
It is also possible to construct single-valued formally invertible symplectic structures on the loop space of

an arbitrary almost symplectic manifold. An arbitrary smooth (possibly, multivalued) function on the circle
f(x), x  E S1,  which is not constant on arbitrary intervals of this circle, and any closed 3-form Sijk(u) on an
almost symplectic manifold (M, Ωij) generate the following formally invertible symplectic structure on the
loop space ΩM:

(2.35)

In particular,

is a simple example of a formally invertible symplectic structure on the loop space of an arbitrary almost
symplectic manifold (M, Ωij).

The  formally  invertible  symplectic  structures  constructed  above  on  loop  spaces  of  almost  symplectic
manifolds are not translationinvariant.

2.1.4
Poisson structures

For an arbitrary functional I on a loop space ΩM, the variational derivative of this functional is defined just
as in the classic calculus of variations by the equality

(2.36)

In particular, for local functionals, that is, for functionals of the form
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(2.37)

the variational derivative has the form

(2.38)

The linear operator E is called the Euler operator. 
Definition 2.4 A linear operator K=(Kij) depending on loops γ E Ω M:

(2.39)
is called a Hamiltonian operator or Hamiltonian (Poisson) structure on the loop space ΩM if it defines on
ΩM the following Poisson bracket:

(2.40)
that is, for arbitrary functionals F, G, H on the loop space ΩM

(2.41)

so that the bracket (2.41) is skew-symmetric:
(2.42)

and satisfies the Jacobi identity
(2.43)

For the bracket (2.41) the following Leibniz identity is automatically fulfilled:

(2.44)

(2.45)
or

We shall often use the field-theoretic representation (2.40) for the Poisson bracket (2.41) defined on point
functionals  F[u(z)]  =  ui(x),  G[u(z)]=uj(y).  If  we  define  a  Poisson  bracket  only  on  point  functionals  by
formula (2.40), then it is necessary to require the fulfilment of skew-symmetry, the Jacobi identity and the
Leibniz  identity  on  arbitrary  point  functionals.  In  order  to  guarantee  that  a  skew-symmetric  operator  is
Hamiltonian it is sufficient to require the fulfilment of the Jacobi identity only on all linear functionals of
the form

(2.46)

where  fi(x)  are  arbitrary  functions  (see  [101]–[103]).  In  [102]  it  is  shown  by  the  present  author  that  this
condition is equivalent to the well-known Hamiltonian criterion for an arbitrary skew-symmetric operator,
namely, to the condition that its Schouten bracket is equal to zero (see [68]).

Under  a  local  change  of  coordinates  ui=ui(ũ)  on  a  manifold  M  any  Hamiltonian  operator  Kij[u(x)]  is
transformed as follows:
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This is an elementary consequence of the transformation law for variational derivatives and the requirement
of invariance of the corresponding Poisson bracket:

In  what  follows  we  shall  always  consider  Hamiltonian  operators  as  corresponding  differential-geometric
objects with respect to local changes of coordinates on a manifold M.

Definition 2.5 A Poisson structure is called local if the Hamiltonian operator which defines this Poisson
structure is a differential operator with coefficients depending only on the independent variable x, the field
variables ui(x), and finitely many derivatives and it is called ultralocal if the Hamiltonian operator has the form

By the order of a local Poisson structure we mean the order of the corresponding Hamiltonian differential
operator. 

The property of localization and the order of a local Poisson structure are invariant with respect to local
changes of coordinates on the corresponding manifold.

Ultralocal Poisson structures on a loop space ΩM are exactly generated by classic Poisson structures on
the finite-dimensional manifold M.

In  the finite-dimensional  case,  if  det(ωij)  ≠  0  everywhere on a  manifold M,  then ωij(u)  is  a  symplectic
structure on M if and only if the inverse matrix ωij(u), defines a Poisson structure ωij(u) on the manifold M:

(2.47)
We recall  that a tensor ωij  (u) on a manifold M  defines a Poisson  structure  (or a Poisson bivector)  if  the
following  bilinear  operation  (a  Poisson  bracket)  is  given  on  the  space  of  all  smooth  functions  on  the
manifold:

(2.48)

such that this bracket is skew-symmetric
(2.49)

and satisfies the Jacobi identity
(2.50)

for arbitrary smooth functions f(u), g(u), h(u) on the manifold.
On M any Poisson bivector ωij(u) is defined by the relations

(2.51)
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(2.52)

In the infinite-dimensional case, if an operator Mij is invertible, then in just the same way as in the finite-
dimensional  case  the  following general  statement  is  valid:  Mij  is  a  symplectic  operator  if  and  only  if  the
operator Kij which is the inverse operator to Mij, that is, is Hamiltonian, that is, it defines a Poisson bracket
(a Poisson structure) of the form (2.41). 

Let an operator Mij be invertible, Consider vector fields ξ, η, and ζ of the special form

where fs(x), gs(x), and hs(x), 1 ≤ s ≤ N, are arbitrary functions. Then the condition that for a skew-symmetric
bilinear form (2.9) (dω)(ξ, η, ζ)=0 on vector fields of the special form is equivalent to the Jacobi identity on
arbitrary linear functionals

for the bracket

defined by the skew-symmetric operator Kij:
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Thus, under the additional condition of non-degeneracy of the operator

Proposition 2.2 also gives a complete description of all non-degenerate local matrix Hamiltonian operators
of zero order, that is, Hamiltonian operators of the form

(2.53)
Moreover, from Propositions 2.1 and 2.2 we immediately obtain the following important corollaries.

Corollary 2.2 ([124], [115]) Any closed 3-form

on a symplectic manifold (M, Ωij) defines the Poisson structure

(2.54)

where F and G are arbitrary functionals on ΩM. 
Proposition 2.1 describes all non-degenerate translation-invariant local matrix Poisson structures of zero

order (in the nondegenerate case det(ωij) ≠ 0).
Corollary 2.3 ([115]) Let Tijk(u)=const and Ωij = const be arbitrary tensors that are skew-symmetric with

respect to any pair  of indices and constant in a fixed local coordinate system u1,…, uN  on a manifold M.
Then in formula (2.54) we have ωsi=ωsi(ux), and after the transformation the Poisson bracket (2.54) reduces
to the form

(2.55)

that is, it becomes a local homogeneous Poisson bracket of the second order.
As proved in [157], [26], any homogeneous Poisson structure of the second order can be reduced to the

bracket  (2.55)  by  a  local  change  of  coordinates  on  the  manifold  (see  Section  4.5.2).  Thus,  Corollary  2.3
shows  that  all  local  homogeneous  Poisson  structures  of  the  second  order  are  generated  by  special  local
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symplectic  structures  of  zero  order.  This  curious  fact  was  not  noticed  in  the  works  [157],  [158],  [26]  on
classifications of homogeneous Poisson structures of the second order.

Remark 2.3 If then for any functional H the following relation is valid:

(256)

Corollary 2.4  Any closed 3-form Sijk(u)dui  Λduj  Λduk  (in particular,  the zero form) on almost  symplectic
manifold (M, Ωij) defines non-trivial Poisson structures generated by the invertible symplectic structures (2.
34) and (2.35).

The problem of classifying non-degenerate Hamiltonian operators of the form (2.53) was also considered
in [171], [6]. In [6] a local classification of such Hamiltonian operators with respect to Lie transformations
was obtained, but their explicit description and general form were not studied (in [171] it was claimed by
mistake that Hamiltonian operators of the form (2.53) cannot depend on derivatives of the field variables ui

(x)). The problem of differentialgeometric description of degenerate Poisson brackets given by local matrix
Hamiltonian operators of zero order, that is, of the form

(2.57)
is more complicated and it is not yet solved. It is easy to show that a local Hamiltonian operator of the form
(2.57) can depend, in contrast to symplectic operators of the same form (see Propositions 2.1 and 2.2), on
derivatives  of  any  orders,  but  the  description  of  such  operators,  that  is,  at  least  the  structure  of  possible
dependence on derivatives of the field variables ui(x), has not yet been obtained even in the simplest case if
N=3 and the operator has the form

Definition 2.6 A system of equations is called Hamiltonian if it can be written in the form

(2.58)

where  Kij  [u(x)]  is  a  Hamiltonian  operator,  {·,  ·}  is  the  corresponding  Poisson  bracket  defined  by  the
operator Kij, and H is a functional (the Hamiltonian of the system). Correspondingly, a system of equations
is called symplectic if it can be written in the form

(2.59)

where Mij [u(x)] is a symplectic operator and H is the Hamiltonian, or, equivalently, in the form
(2.60)

where  ω  is  the  corresponding  symplectic  structure  on  a  loop  space,  and  relation  (2.60)  is  fulfilled  for
arbitrary variations δui(x) of a loop γ={ui(x)} on a manifold M, and H is a functional on the loop space ΩM. 

2.1.5
Lagrangian description of local symplectic structures of zero order

Let us return to the symplectic structures (2.21). Locally, in each coordinate neighbourhood on a manifold
any matrix local translation invariant symplectic structures of zero order can be represented in the following
way (here we apply the classic Poincaré lemma for closed differential forms on a manifold to formula (2.
21)):
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(2.61)

It  is  interesting  that  all  symplectic  structures  of  the  form  (2.61)  generate  Hamiltonian  (or  symplectic)
representations for motion equations of non-linear sigma-models with purely skew-symmetric metrics.

Proposition 2.3 ([124], [115]) Lagrangian systems

given by actions of the form

(2.62)

where aij(u) is an arbitrary bivector on a manifold, that is, it is a skew-symmetric tensor aij = −aji, bi(u) is
an arbitrary covector, and U(x, t, u, ux, uxx,…, u(k)) is an arbitrary function, are symplectic (Hamiltonian)
with respect to symplectic structures of  the form (2.61). The converse statement is also true, namely, any
Hamiltonian system with a symplectic structure of the form (2.61) and with Hamiltonian H= − ∫U dx is a
Lagrangian system given by an action of the form (2.62).

In fact, this statement follows from the explicit expression for the variational derivative of the action (2.
62):

(2.63)

where H= − ∫ U dx is the Hamiltonian.
Thus,  all  symplectic  structures  of  the  form  (2.21)  locally  have  a  Lagrangian  origin.  General  local

symplectic structures of zero order (2.22) are also generated by actions of the form (2.62), but they depend
explicitly on the independent variable x (note that this is true only locally).

In Section 2.2 we shall consider symplectic structures connected with motion equations of general two-
dimensional non-linear sigmamodels and present examples of bi-Hamiltonian representations of differential-
geometric type for some non-linear sigma-models.

2.1.6
Compatible Poisson and symplectic structures

Definition 2.7 Two Hamiltonian operators M and K are called compatible if any linear combination of them,
λM  +  μK,  where  λ  and  μ,  are  arbitrary  constants,  is  also  a  Hamiltonian  operator.  Correspondingly,  two
Poisson structures (Poisson brackets) are compatible if they are given by compatible Hamiltonian operators.
Invertible  symplectic  operators  and  the  corresponding  symplectic  structures  are  called  compatible  if  the
Hamiltonian operators generated by these invertible symplectic operators are compatible.
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Compatible Poisson structures were considered for the first time by Magri [88], who also explained their
important role in the theory of integrable systems.

For any skew-symmetric tensor ωij on a manifold M the lefthand side of the relation (2.52) is a trivalent
tensor with upper indices, which is called the Schouten bracket of the bivector ωij:

The Schouten bracket of two bivectors ωij and fij is by definition the trivalent tensor

(2.64)

The finite-dimensional Poisson structures ωij and fij are compatible if and only if the Schouten bracket (2.
64) is equal to zero.

The generalization of the Schouten bracket to the infinite-dimensional case of arbitrary skew-symmetric
differential  operators  Mij  and  Kij,  and  also  the  proof  of  the  corresponding  criteria:  a  skew-symmetric
differential  operator  is  Hamiltonian  if  and  only  if  its  Schouten  bracket  is  equal  to  zero  and  a  pair  of
Hamiltonian differential  operators  is  compatible  if  and only  if  the  Schouten bracket  of  these  operators  is
equal to zero, can be found in [68], [69], [20].

A system of  equations is  called bi-Hamiltonian  if  it  can be represented in Hamiltonian form (2.58)  by
means  of  two  different  (and  linearly  independent)  but  compatible  Hamiltonian  operators  K=(Kij)  and  L=
(Lij):

(2.65)

where H1 and H2 are corresponding Hamiltonians.
Let us mention briefly here the Magri scheme associated with biHamiltonian systems (see also [88]–[90],

[67], [69], [20], [60], [153]).
If at least one of the Hamiltonian operators K and L is invertible (to be definite, suppose that the operator

L is invertible), then the operator is a recursion operator for the system (2.65), that is, it takes any symmetry
of  the  system  to  a  symmetry  again,  and,  moreover,  this  recursion  operator  R  generates  a  hierarchy  of
commuting Hamiltonian systems (t=t0)

(2.66)

where the operator RnL is a Hamiltonian operator for any n. Furthermore, there is the following recursion
relation for the conservation laws (the first integrals) Hm of the system (2.65):

(2.67)

For any m the functional Hm is a conservation law (a first integral) for any system from the hierarchy (2.66).
All these first integrals Hm are in involution with respect to Poisson structures generated by the Hamiltonian
operators L and K:
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(2.68)

Any system from the hierarchy (2.66) is bi-Hamiltonian and it can be represented as follows:

(2.69)

Actually any bi-Hamiltonian system is n-Hamiltonian for any n, since all the equations of the hierarchy (2.
66) are Hamiltonian with respect to the Hamiltonian operator (RnL) and all these Hamiltonian operators are
compatible  among  themselves,  namely,  any  linear  combination  of  the  operators  (RnL)  for  different  n  is
always a Hamiltonian operator.

Generally speaking, the first integrals Hm can be linearly dependent, but usually the recursion operator
changes  the  order  of  the  system,  and  thus  the  order  of  the  highest  derivative  of  the  density  of  the
Hamiltonian is changed (after a maximal lowering of the order by adding any total derivatives with respect
to the independent variable x to the density of the Hamiltonian), which usually makes it possible to establish
their independence for many concrete examples.

The  recursion  procedure  (2.67)  is  usually  called  the  LenardMagri  scheme,  since  for  the  Korteweg-de
Vries equation a recursion relation of the type (2.67) for Kruskal first integrals was found for the first time
apparently by Lenard but without any connection with Hamiltonian operators (see [64], [86]).

All the statements of the Magri scheme are proved in the framework of the formal calculus of variations
under the assumption that at each step the recursion relation

where
can be solved for ξm.

2.2
Homogeneous symplectic structures of the first order on loop spaces of pseudo-

Riemannian manifolds and two-dimensional non-linear sigma-models with torsion

2.2.1
Homogeneous symplectic forms of the first order

Let us consider symplectic operators given by arbitrary non-degenerate homogeneous ordinary differential
operators of the first order, that is, of the form

(2.70)

Let us introduce coefficients by the formula
(2.71)

SYMPLECTIC AND POISSON GEOMETRY 19



Under local changes of coordinates ui = ui(ũ) on a manifold M the coefficient gij(u) behaves as a metric on M,
and the coefficient   is  transformed like the Christoffel  symbols of  an affine connection on M  (see
formulae (2.10) and (2.11) from Section 2.1.2 for the transformation law of symplectic operators):

(2.72)

(2.73)

Lemma 2.2 ([109]) Symplectic structures on the loop space ΩM defined by non-degenerate homogeneous
symplectic operators of the first order (2.70) have the form

(2.74)

where ξ=ξ(u(x)), η=η(u(x)) are arbitrary smooth vector fields along the loop γ, η=gij(u(x))ξi(u(x))ηj(u(x)) is
the  scalar  product  on  Tγ(x)M  generated  by  the  pseudo-Riemannian  metric  gij(u),  and  is  a  covariant
differentiation along the loop γ = {ui(x), 1 ≤ i ≤ N, x E S1} on M defined by the affine connection 
and satisfying some additional conditions. All the forms (2.74) are invariant with respect to the group Diff+
(S1)  of  diffeomorphisms  of  the  circle  preserving  the  orientation,  that  is,  they  do  not  depend  on  the
parametrization of the loop γ.

Remark  2.4  Note  that  if  we  consider  arbitrary  vector  fields  of  the  form  ξ=ξ(x,  u,  ux,…),  then  it  is
necessary to change everywhere where Lux is the Lie derivative along ux, that is, Lux=[ux, ξ].

Theorem 2.1 ([109]) Let (M,gij) be an arbitrary Riemannian or pseudo-Riemannian manifold. An affine
connection  on M defines on ΩM a symplectic structure (2.74) if and only if

1. the connection  is compatible with the metric gij(u), that is,

(2.75)

2. the torsion of the connection
(2.76)

is a closed 3-form on the manifold M.
Corollary  2.5  ([109])  For  an  arbitrary  pseudo-Riemannian  manifold  (M,  gij)  homogeneous  closed  2-

forms of the first order (2.74) on the loop space ΩM are in one-to-one correspondence with closed 3-forms
on the manifold M. 

On any pseudo-Riemannian manifold M an arbitrary closed 3-form Tijk dui Λ duj Λ duk always generates
the unique connection  which is  compatible with the pseudo-Riemannian metric gij(u)  and has the
torsion tensor Tijk(u) which coincides with this closed 3-form:

(2.77)

Thus,  on  the  loop  space  of  any  Riemannian  or  pseudo-Riemannian  manifold  (M,  gij)  there  are  as  many
different homogeneous symplectic structures of the first order (2.74) as there are different closed 3-forms on
the manifold M.  This  fact  enabled the present  author  to  assume that  in  this  way it  is  possible  to  find the
cohomology groups of the complexes of homogeneous forms on loop spaces of smooth manifolds via the de
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Rham cohomology groups of the manifold. This idea was realized by the present author in the papers [114],
[116] (see also [115]).

Corollary 2.6  ([109])  For an arbitrary pseudo-Riemannian manifold (M, gij)  a  symplectic structure of
the form (2.74) on ΩM is always defined. It is generated by the Levi-Civita connection (which is symmetric
and compatible with the metric gij).

A trivial consequence of Theorem 2.1 is the fact that on any two-dimensional pseudo-Riemannian manifold
(M,  gij)  there exists a unique symplectic structure of the form (2.74) on ΩM  (it  is  generated by the Levi-
Civita connection).

It is also obvious that symplectic (presymplectic) forms (2.74) are degenerate on ΩM: the null space of
the 2-forms (2.74) consists of parallel vector fields along the loop γ. And for any point loop, that is, a loop
of the form where P0 is a point of the manifold M, P0 E M, any constant vector field along the point loop γ:
ξ(x)=ξ0= const, ξ0 E Tp0M, always belongs to the null space of the operator (2.70). The velocity vector field
of the loop γ={ui(x)} belongs to the null space of the 2-form (2.74) if and only if γ is a closed geodesic on
the manifold M. 

Theorem 2.1 gives a complete differential-geometric description of local non-degenerate homogeneous
symplectic operators of the first order (2.70).

Locally,  using the Poincaré lemma on exactness of  closed forms in any coordinate neighbourhood,  we
deduce  that  all  symplectic  operators  (2.70)  for  an  arbitrary  symmetric  matrix  function  gij(u)  are  defined,
according to formulae (2.70) and (2.77), by an arbitrary skew-symmetric matrix function fij(u):

(2.78)

(2.79)

Remark 2.5 Note that a complete explicit description or a classification of all local symplectic and Poisson
structures of the first order has not yet been found. Only the case of scalar (one-component) operators, that
is, the case N=1, has been studied in detail. Local scalar symplectic operators of the first order have the form
[22]:

(2.80)

(2.81)

where G=G(x, u, ux,uxx) is an arbitrary function.
Local  one-component  Hamiltonian  operators  have  been  completely  described  up  to  the  fifth  order

inclusive. In particular, local one-component Hamiltonian operators of the first order have the form ([171],
see also [103]):

(2.82)

where A=∫ a(x, u, ux)dx, and a=a(x, u, ux) is an arbitrary function. By means of contact transformations all
Hamiltonian operators of the first order (2.82) can be reduced to the canonical form ([5]see also [6]).

Note  that  the  one-component  case  N=1  is  essentially  special,  namely,  in  this  case  contact  geometry
effectively  plays  the  key  role.  Problems  connected  with  the  contact  theory  of  onecomponent  Poisson
structures  and  Hamiltonian  equations  are  outside  the  framework  of  the  present  paper  and  they  will  be
considered in a separate survey (see [5], [6], [15], [16], [101]–[103], [106], [107], [111], [120], [122]).
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2.2.2
Finite-dimensional reductions of homogeneous symplectic structures of the first

order

Let  us  consider  the  question  of  the  connection  of  our  symplectic  structures  (2.74)  on  ΩM  with  finite-
dimensional  symplectic  structures,  that  is,  the  question  of  reductions  of  the  form  (2.74)  to  finite-
dimensional manifolds.

Example 2.1 ([109]) For N-dimensional Riemannian manifolds (M, gij) whose geodesics are periodic and
are of equal length, the geodesic flow generates a free action of the group on the bundle UM of unit tangent
vectors, and therefore the factor space UM/S1 is a (2N − 2)-dimensional manifold, namely, the manifold of
geodesics CM.

The symplectic structure on CM (the Reeb symplectic form [159], [160]) is given by the curvature form of
the S1-connection in the principal bundle UM over CM of unit tangent vectors of the manifold (M, gij) (see
[159],  [160],  [172],  [9]).  The  tangent  space  TγCM  of  the  manifold  of  geodesics  CM  at  the  point  γ  is
isomorphic to the space of normal Jacobian fields along the geodesic γ on the manifold M.

In  the  present  author’s  paper  [109]  the  symplectic  structures  (2.74)  on  the  loop  spaces  ΩM  of  such
special Riemannian manifolds M were considered, and the reductions of these symplectic structures to the
finite-dimensional manifolds CM of closed geodesics on M were studied. In particular, in [109] it is proved
that the reduction of the symplectic structure (2.74) defined on the loop space ΩM of the manifold M by the
Levi-Civita  connection  to  the  finitedimensional  subspace  of  normal  Jacobian  fields  along  the  geodesic  γ
coincides  with  the  Reeb  form,  which  is  a  closed  non-degenerate  2-form  defining  a  finite-dimensional
symplectic structure on CM. 

The well-known examples of such special Riemannian manifolds, whose geodesics are periodic and are of
equal length, are the following: Euclidean spheres, projective spaces KPn (K is the field of real numbers R,
complex numbers C, or the division algebra of quaternions H), the Cayley plane CaP2 (all these manifolds
are  considered  with  the  canonical  Riemannian  metrics  and  all  of  them are  compact  symmetric  spaces  of
rank one), and also Zoll manifolds (see [9]).

2.2.3
Symplectic representation for an arbitrary two-dimensional non-linear sigma-model

Let  us  consider  now  the  motion  equations  of  the  general  twodimensional  non-linear  sigma-models  with
torsion defined by actions of the form

(2.83)

where gij(u) is a pseudo-Riemannian metric on a manifold M and U(u) is an arbitrary function on M.
Proposition 2.4 ([109]) For any action S of the form (2.83) the corresponding Lagrangian system δS/δui

(x)=0 always has a symplectic representation

(2.84)

where
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(2.85)

is a homogeneous symplectic first-order operator defined by formulae (2.70), (2.77) (2.79). 
Thus,  locally,  all  homogeneous  symplectic  first-order  operators  (2.70)  exactly  define  the  symplectic

structures of two-dimensional non-linear sigma-models with torsion (2.83).

2.2.4
Examples of bi-Hamiltonian representations for non-linear sigma-models

The question concerning the description and the study of Poisson structures compatible with (2.85), which
gives the possibility of  constructing integrable bi-Hamiltonian two-dimensional  non-linear  sigma-models,
was  initiated  by  the  present  author  (see  [113],  [123]).  For  certain  known  integrable  sigma-models  such
Poisson structures compatible with (2.85) were found subsequently by Meshkov [99]. Let us consider some
simple examples of such bi-Hamiltonian non-linear sigma-models.

Example 2.2 ([99])

(2.86)

where c and k are arbitrary constants. In this case

(2.87)

Correspondingly, the first symplectic operator (2.85) for the action (2.86) has the form

(2.88)

For the action (2.86) the second Hamiltonian operator B, which is compatible with (2.88) (with A−1), is non-
local and has the form:

(2.89)

The recursion operator corresponding to the constructed bi-Hamiltonian representation of the integrable non-
linear sigma-model (2.86) has the form
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Example 2.3 ([99])

(2.91)

where k is an arbitrary constant. In this case

(2.92)

The first Hamiltonian structure defined by the symplectic operator (2.85) has the form

(2.93)

The second Hamiltonian structure  for  the  action (2.91)  is  defined by a  non-local  Hamiltonian operator  B
which is compatible with (2.93) 

(with A−1):

(2.94)

The recursion operator has the form
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In these examples the second Hamiltonian structures are defined by non-local Hamiltonian operators of the
same differentialgeometric type:

(2.96)

This class of non-local Hamiltonian structures of differentialgeometric type is connected with the geometry
of  almost  symplectic  manifolds  and  deserves  a  particular  study  (it  is  especially  important  to  find  the
structures that are compatible with symplectic operators of the form (2.85)). 

In the one-component case (for N=1) the local symplectic operator

(2.97)

is compatible with non-local Hamiltonian operators of the form

(2.98)

and, according to the Lenard-Magri scheme, the compatible pair (M, K+) generates the hierarchy

where n is an arbitrary integer, of the sine-Gordon equation
(2.99)

The potentialized modified Korteweg-de Vries equation

(2.100)

also belongs to this hierarchy.
The compatible pair (M, K_) generates the hierarchy

where n is an arbitrary integer, of the Liouville equation
(2.101)

The equation of Korteweg-de Vries type
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(2.102)

also belongs to this hierarchy.
In connection with these examples it is very interesting to describe and to study the differential geometry

of  compatible  matrix  analogues  of  differential-geometric  type  for  the  compatible  pairs  (M,  K±),  that  is,
compatible pairs (Mij, Kij), where Mij is a local homogeneous symplectic first-order operator (2.70) and Kij

is a non-local homogeneous Hamiltonian operator of the form

(2.103)

This  problem has  not  yet  been  solved,  although  the  conditions  that  the  operators  (2.70)  and  (2.103)  are,
respectively,  symplectic  and  Hamiltonian  have  been  completely  studied.  It  turns  out  that  Hamiltonian
operators  of  the  form (2.103)  play  a  very  important  role  in  the  theory of  systems of  hydrodynamic type,
Whitham equations,  and generalized Heisenberg magnets.  The present author and Ferapontov (see [136])
proved that under the assumption that det(gij(u)) (u)) ≠ 0 the operator (2.103) is Hamiltonian if and only if it
is  defined  by  a  pseudo-Riemannian  metric  gij(u)  of  constant  Riemannian  curvature  C  (in  this  case,  the
coefficients are the coefficients of the Levi-Civita connection completely generated by this metric).

2.3
Symplectic and Poisson structures of degenerate Lagrangian systems

2.3.1
Symplectic representations for degenerate Lagrangian systems

Note  that  the  Lagrangian  of  the  action  (2.83)  is  degenerate  and  in  order  to  construct  a  Hamiltonian
formalism it requires, generally speaking, the use of the Dirac procedure for systems with constraints ([18],
see  also  [149],  [150]).  In  fact,  there  exist  explicit  formulae  for  symplectic  operators  that  correspond  to
degenerate  Lagrangians  (including  those  dependent  on  higher  order  derivatives  of  the  fields  ui(x)  with
respect to time t).

Actually, let us consider two-dimensional Lagrangian systems generated by actions of the form

(2.104)

where gi, h are arbitrary functions of the independent variable x, the fields ui(x, t), and their derivatives with
respect to x. 

The corresponding Lagrangian system δS/Sui(x)=0 has the form

(2.105)

where

(2.106)

Lemma 2.3 The differential operator Mij (2.106) is a symplectic operator and the bilinear form
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(2.107)

where ξ, η E TγΩM, is a symplectic (presymplectic) form on the loop space ΩM.
Hence, we always have a symplectic representation (2.105) for Lagrangian systems generated by actions

of the form (2.104). Let us prove Lemma 2.3. Consider the 1-form α(ξ) on ΩM:

Then for its differential (dα)(ξ, η) we obtain:

The exact 2-form (dα)(ξ, η) on ΩM is closed, and generates a fortiori the symplectic operator Mij . Note that
the  symplectic  operator  (2.106)  can  also  be  obtained  by  applying  the  Dirac  procedure  to  the  degenerate
Lagrangian of the action (2.104), but this way is considerably longer and more complicated technically. 

Some  special  actions  of  the  form  (2.104)  generate  important  non-linear  equations  of  mathematical
physics and field theory such as non-linear sigma-models, Monge-Ampère equations, Hamilto nian systems
of hydrodynamic type, equations of associativity in two-dimensional topological field theory, the Korteweg-
de Vries equation, the Hopf equation, the Krichever-Novikov equation, and many others. The corresponding
symplectic  representations  are  very  useful  and  effective  for  the  investigation  of  the  integrability  of  non-
linear systems and for the application of averaging procedures and perturbation theory.

2.3.2
Bi-Lagrangian systems

Some  important  integrable  systems  possess  two  local  and  different  but  compatible  Lagrangian
representations  (that  is,  the  symplectic  structures  corresponding  to  them  are  compatible).  We  shall  call
systems of this type bi-Lagrangian systems. Let us consider here some examples.

Example 2.4 Bi-Lagrangian property of the Korteweg de Vries equation (KdV).
Let us consider the following action of the form (2.104):

(2.108)

Symplectic representation for the Lagrangian equation

that is,
(2.109)

has the

SYMPLECTIC AND POISSON GEOMETRY 27



form: (2.110)

The same equation (2.109) possesses a different Lagrangian representation with the action S2 of the form (2.
104):

The corresponding symplectic representation (2.105), (2.106) has the form:

(2.112)

Moreover, the constructed symplectic operators M1 and M2 are compatible. Two local symplectic structures
for the potentialized KdV equation (2.109) were found in [22].

After  the  transformation  v(x)=ux(x)  we  obtain  the  usual  wellknown  Hamiltonian  Gardner-Zakharov-
Faddeev representation for the KdV equation:

(2.113)

(2.114)
Correspondingly, for the second symplectic structure we obtain the following formulae:

(2.115)

The operators

(2.116)

where

(2.117)

is the recursion operator for the KdV equation, for any integer n define compatible Hamiltonian structures
for the KdV equation. Local Lagrangian representations (2.108) and (2.111) generate the well-known first
and  “zero”  Hamiltonian  structures  (2.113)  and  (2.115)  of  the  KdV  equation  corresponding  to  n=1,  0.
Magri’s Hamiltonian operator (the second Hamiltonian structure of the KdV equation)

(2.118)
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corresponds to n=2. For n=3 we obtain the third Hamiltonian structure of the KdV equation, namely, the
non-local Hamiltonian fifth-order operator

(2.119)

In the present author’s paper [111] (see also [117]) a transformation connecting the Hamiltonian operator (2.
119) with the canonical constant Gardner-Zakharov-Faddeev Hamiltonian operator  was constructed. Note
that the transformation presented later in the paper [74] for the same purpose coincides precisely with the
transformation  found  by  the  present  author  in  [111]  (see  also  [117]).  This  transformation  is  a  higher
analogue of the Miura transformation [98] taking, as is well known (see [60], [84]), Magri’s Hamilto nian
operator (2.118) to the canonical Gardner-Zakharov-Faddeev Hamiltonian operator

Example 2.5 Bi-Lagrangian property of the Hopf equation.
Let us consider the simplest example, namely, the Hopf equation

(2.120)
which possesses the following compatible Lagrangian representations with the actions S1 and S2 of the form
(2.104):

(2.121)

(2.122)

Bisymplectic representation of the Hopf equation was demonstrated by Dorfman and the present author in
[24].

Example 2.6 Lagrangian representation of the Krichever Novikov equation (KN).
Let us consider the following action of the form (2.104):

(2.123)

where  R(u)=a3u3+a2u2+a1u+a0  is  an  arbitrary  third-order  polynomial,  ai=const,  i=0,  1,  2,  3.  The
corresponding  Lagrangian  equation  δS1/δu(x)=0  possesses  the  symplectic  representation  (2.105),  (2.106)
with the local symplectic operator

(2.124)

(2.125)

Relations (2.125) define the well-known (Sokolov, [162]) Hamilto nian (symplectic) representation for the
Krichever-Novikov equation [81]:

(2.126)
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In [111] the canonical Hamiltonian representation for the KN equation is constructed.
Example  2.7  Bi-Lagrangian  property  of  the  Schwarzian  KdV  equation  (the  degenerate  Krichever

Novikov equation).
Let us consider the case of the degenerate KN equation (2.126) with R(u) ≡ 0 (this equation is also known

as the Schwarzian-KdV equation):
(2.127)

(2.128)

where
is  Schwarzian.  In  this  case,  along  with  the  Lagrangian  representation  generated  by  the  action  (2.123),

where  R(u)  ≡  0,  equation  (2.127)  possesses  one  more  local  Lagrangian  representation,  which  is  also
generated by an action of the form (2.104):

(2.129)

The local symplectic representation corresponding to the action S2 (2.129) is compatible with the symplectic
representation (2.125) for R(u) ≡ 0 and has the form:

(2.130)

(2.131)

The second local symplectic structure for the equation (2.127) was found in [22].

2.3.3
Symplectic representation of the Monge-Ampère equation

Example 2.8 The Monge Ampère equation,
Let us consider the following action of the form (2.104) [151], [152]:

where Φ(x, t, u, ux) is an arbitrary function. 
The symplectic representation (2.105), (2.106) of the corresponding Lagrangian system δS/δui(x)=0 has

the form

(2.133)

where

(2.134)
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is a symplectic operator, u1=u, u2=q, and

(2.135)

The symplectic system (2.133)–(2.135) is equivalent to the MongeAmpère equation (see [152])

(2.136)

In this case the corresponding Poisson structure is also local. It is defined by the Hamiltonian operator Kij=
(M−1)ij:

(2.137)

Simultaneous  localization  of  symplectic  and  Hamiltonian  operators  corresponding  to  each  other  remains
valid for arbitrary Hamilto nian operators of the form

(2.138)

where B and A are arbitrary functions of the variables

In this case the corresponding symplectic operator has the form

(2.139)

In particular, the operator

(2.140)

is a symplectic operator of the form (2.139) for an arbitrary function g(x, u, ux, uxx, q). The corresponding
local Hamiltonian operator K has the form (2.138), where

(2.141)

The symplectic operator (2.140) can be obtained from formula (2.106), deduced in Lemma 2.3, for g1=g(x,
u, ux,uxx, q), g2=0 (u1=u, u2=q).

To conclude this section we consider a more general case of degenerate Lagrangian systems defined by
actions of the form:

(2.142)

where In other words, the Lagrangian is linear in regard to the higher derivatives of the fields ui(x, t) with
respect to t.

Introducing the new variables we have the following relations for them:
It is obvious that the Lagrangian system δS/δui(x)=0 is equivalent to the Lagrangian system 0 ≤ k ≤ m −

1, where
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(2.143)

and are Lagrange multipliers.
Thus, we obtain an action Ŝ of the form (2.104) and have the corresponding symplectic representation (2.

105), (2.106) for the Lagrangian system δS/δui(x)=0. 

2.4
Homogeneous symplectic structures of the second order on loop spaces of almost

symplectic and symplectic manifolds and symplectic connections

2.4.1
General homogeneous symplectic forms of arbitrary orders

Let us consider homogeneous matrix differential symplectic operators of the form

(2.144)

where each term has a homogeneity degree m with respect to the natural grading:

Definition  2.8  Symplectic  operators  of  the form (2.144)  are  called homogeneous symplectic  operators  of
differential-geometric type.

Homogeneous Poisson differential-geometric type structures defined by differential operators of the form
(2.144) (but with upper indices as is necessary for Hamiltonian operators) were considered for the first time
by Dubrovin and Novikov in [35] (see also [33], [36]) where the problem of their classification was posed.
In  Section  4  we  shall  concentrate  on  the  Dubrovin-Novikov  Poisson  structures,  their  generalizations  and
applications.

Symplectic operators of the form (2.144) and the corresponding symplectic forms on the loop space ΩM

(2.145)

were introduced and completely studied for small m (m=1, 2) by the present author in [109], [110], [124].
It is easy to show that any local changes of coordinates ui = ui(ũ) on the manifold M preserve the form of

the operator (2.144) and its coefficients are transformed as differential-geometric objects on the manifold
(see  the  general  formulae  (2.10)  and  (2.11)  for  transformation  of  any  symplectic  operator  under  a  local
change of coordinates on a manifold in Section 2.1.2).
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It  follows  from  the  skew-symmetry  of  the  operator  that  the  higher  coefficient  which  is  always
transformed as a metric on the manifold under local changes of coordinates,  must be a symmetric matrix
whenever m is odd, m=2k+1, and a skewsymmetric matrix whenever m is even, m=2k.

If then the corresponding symplectic forms can be expressed in an invariant form via the metric and the
curvature and torsion tensors of the differential-geometric connections

where and dots mean terms with lower degrees of the covariant derivative.
For m=0 the symplectic conditions for the operator (2.144) have the form

where the sum is taken over all cyclic permutations of i, j, k.
This means that

is a closed 2-form on the manifold M and

is an arbitrary ultralocal symplectic structure on the loop space ΩM. 
Thus, the case m=0 corresponds exactly to classic finitedimensional symplectic geometry.
The case m=1 corresponds to the homogeneous symplectic operators of the first order (2.70) and symplectic

forms (2.74) from Section 2.2.

2.4.2
Homogeneous symplectic forms of the second order

Consider the case m=2, that is, symplectic operators of the form

(2.146)

In this case, is a non-degenerate skew-symmetric tensor field of type (0, 2) on M, that is, the manifold M is
almost symplectic, and gij(u) is the almost symplectic structure on M.

Let us introduce the coefficients by the formula
(2.147)

Later  in  this  section,  we omit  the  symbol  [2]  in  the  coefficients  of  the  homogeneous  operator  (2.146)  of
order 2.

Lemma 2.4 ([110]) The coefficients  define a symplectic connection on (M, gij), that is, an affine
connection which is compatible with the almost symplectic structure gij (u) on the manifold:

(2.148)
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Lemma 2.4 is a direct consequence of the conditions of skewsymmetry for the homogeneous operator (2.
146).  In  fact,  the  operator  (2.146)  is  skew-symmetric  if  and  only  if  the  following  relations  for  the
coefficients are fulfilled:

(2.149)

(2.150)

(2.151)

(2.152)

where  Σ(i,  j)  means  summation  over  all  permutations  of  the  corresponding  elements  (i,  j)  in  parentheses
under the summation sign.

Relation  (2.150)  corresponds  exactly  to  the  condition  that  the  coefficients   define  a  symplectic
connection on (M, gij).

It turns out that any symplectic connection on the given almost symplectic manifold (M, gij) generates a
symplectic operator of the form (2.146), and, moreover, for any fixed almost symplectic structure gij (u) any
symplectic connection uniquely defines the corresponding symplectic operator (2.146).

Theorem  2.2  ([110])  If  (M,  gij)  is  an  almost  symplectic  manifold,  then  there  is  a  one-to-one
correspondence between symplectic connections  on (M, gij) and closed 2-forms (2.145), m=2, on the
loop space ΩM. This correspondence can be expressed by the following formula:

(2.153)

where Σ(η, ξ, ν) means summation over all cyclic permutations of the elements (η, ξ, ν), ξ(u(x)), η(u(x)) are
smooth vector fields along the loop and the vector field v is the velocity vector field of the loop γ(x), that is,
is the covariant differentiation along the loop γ;

is the torsion tensor of the symplectic connection;

is the curvature tensor of the symplectic connection.
Formula (2.153) gives the general form of homogeneous symplectic structures of the second order (2.145),

m=2, on the loop space ΩM and also describes all symplectic operators of the form (2.146).
For an arbitrary almost symplectic structure gij(u) the symplectic operator (2.146) is uniquely defined by

an arbitrary symplectic connection  on the almost symplectic manifold (M, gij). It is important to note
that the class of symplectic connections on almost symplectic manifolds is very rich. It is easy to show that
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on  each  almost  symplectic  manifold  there  exist  infinitely  many  different  symplectic  connections  and,
correspondingly, infinitely many different symplectic forms (2.153) on its loop space.

On symplectic manifolds there exists a special class of symmetric symplectic connections satisfying the
condition It is easy to show that symmetric symplectic connections exist on (M, gij) if and only if (M, gij) is
a symplectic manifold, that is, (dg)ijk=0.

Corollary 2.7 ([110]) If the symplectic connection  is symmetric, that is, then the corresponding
homogeneous symplectic form of the second order (2.153) on ΩM has the form

(2.154)

Formula (2.154) describes a natural class of homogeneous symplectic forms of the second order on loop
spaces of symplectic manifolds.

On each symplectic manifold there exist infinitely many different symmetric symplectic connections, and
consequently corresponding symplectic forms (2.154) on ΩM. 
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3
Complexes of homogeneous forms on loop spaces of smooth

manifolds and their cohomology groups

3.1
Homogeneous forms on loop spaces of smooth manifolds

The complexes (Ω[m],  d)  of homogeneous forms of an arbitrary fixed order m on loop spaces of smooth
manifolds were introduced and studied in the present author’s papers [114], [116].

Definition 3.1  ([114],  [116])  By homogeneous k-forms of  order  m  on the loop space ΩM  of  a  smooth
manifold M we mean skewsymmetric k-forms on ΩM of the following form at any point γ E ΩM:

(3.1)

where  the  first  summation  is  taken  over  all  n1,…,  nk  such  that  n1  +···+nk=m,  nr  ≥  0,  and  the  second
summation is taken over all s > 0 and all n1,…, nk, p1,…, ps, such that n1 +…+ nk + P1 +···+Ps=m, nr ≥ 0, pl
> 0, and, besides, the summation is taken over all 1 ≤ ir ≤ N, 1 ≤ r ≤ k, 1 ≤ jl ≤ N, 1 ≤ l ≤ s; and are arbitrary
smooth functions on the manifold M, and ξγ(x) E TγΩM are arbitrary smooth vector fields along the loop γ(x)
={ui(x)}.

We use here the standard notation for the total nth derivatives with respect to x: f(n)=dnf/dxn.
We can always assume without loss of generality that 0<p1≤ ···≤Ps, and, moreover, that n1=0 (provided

that k >0), since in our case for all the relevant smooth functions G(x, u(x), ux(x),…) defined on the loops γ. 
It is obvious that the set of all homogeneous k-forms of order m on the loop space ΩM is a linear space

over R, The definition of the linear space does not depend on local coordinates {ui}, since local changes of
coordinates ui=ui(v1,…,vN) on the manifold M preserve the homogeneity of k-forms and leave homogeneous
k-forms of order m in the same class of homogeneity. The number m is an invariant of the homogeneous k-
forms with respect to local changes of coordinates on the manifold.

We shall  also  use  the  following notation:  Ω[m]  is  the  linear  space of  all  homogeneous  skew-symmetric
forms of order m on the loop space ΩM of the manifold M, Ωk is the linear space of all homogeneous skew-
symmetric k-forms on ΩM, and Ω is the linear space of all homogeneous skew-symmetric forms on ΩM:



3.2
Complexes of homogeneous forms on loop spaces of smooth manifolds

We define the differential d on homogeneous k-forms by the following formula:

(3.2)

Proposition  3.1  ([114],  [116])  The differential  d  is  a  linear  map  on the  linear  space  Ω of  homogeneous
forms and it takes a homogeneous k-form of order m to a homogeneous (k+1)-form of the

same order m:
with d2=0. 
Proof.
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Thus, we have constructed the complex (Ω, d) of homogeneous skew-symmetric forms on the loop space ΩM:
(3.3)

Moreover, for any m we have also constructed the complex (Ω[m], d) of homogeneous skew-symmetric forms
of order m on the loop space ΩM:

(3.4)

Let  be  the  linear  space  of  all  closed  homogeneous  k-forms  ω  of  order  m on  ΩM  (dω=0),  and  let  be  the
linear  subspace  of  all  exact  homogeneous  k-forms  ω  of  the  order  m  on  ΩM  (ω=dα).  We  define  the
cohomology groups of our complex (3.4):

(3.5)
Definition 3.2 ([114], [116]) We shall call the groups

the homogeneous cohomology groups of order m of the loop space ΩM of the smooth manifold M. 
We also denote by Zk(ΩM) the linear space of all closed homogeneous k-forms on ΩM and by Bk(ΩM)

the linear space of all exact homogeneous k-forms on ΩM  and define the total homogeneous cohomology
groups Hk(ΩM, R) of the loop space ΩM of the smooth manifold M by

(3.6)

3.3
Cohomology groups of complexes of homogeneous forms on loop spaces of smooth

manifolds

The zero-order homogeneous cohomology of the loop space ΩM coincides with the de Rham cohomology of
the manifold M:

(3.7)
Indeed, homogeneous k-forms of order zero can be written as
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(3.8)

where Mi1…ik(u) is an arbitrary smooth skew-symmetric covariant tensor field on the manifold M,  and in
this case the differential d (formula (3.2)) acts on these tensors as the classical de Rham differential:

Thus,  our  complex  (3.3)  is  a  very  natural  generalization  of  the  classical  de  Rham complex  on  a  smooth
manifold to the case of loop spaces of smooth manifolds.

Apparently, all cohomology groups of the complex (3.3) of homogeneous forms on the loop space of a
smooth manifold can be expressed explicitly via the de Rham cohomology groups of the manifold M.

Here we shall consider in detail the calculation of the first few homogeneous cohomology groups for the
first non-trivial case m=1. In particular, in this case the following theorem holds on the connection between
the first-order homogeneous cohomology groups of the loop space of a smooth manifold and the de Rham
cohomology groups of the manifold.

Theorem 3.1 ([114], [116]) For i=0, l, 2
(3.9)

Proof. Let us consider arbitrary homogeneous k-forms of the first order on ΩM:

(3.10)

where and Mi1…ikj(u) are arbitrary smooth functions on the manifold M satisfying the conditions that ensure
the skewsymmetry of the k-form (3.10).

Correspondingly,  the  first-order  homogeneous  0-forms  are  the  functionals  F  on  ΩM  that  have  the
following form:

(3.11)

where fi(u) is an arbitrary smooth covector field on the manifold M.  Furthermore, note that in the case of
loop space, the integral along any loop on the manifold of a total derivative with respect 

to x is always equal to 0:

(3.12)

where f(u) is an arbitrary function on the manifold.
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Let us find a criterion for a first-order homogeneous 0-form (3.11) to be closed. We have

(3.13)

and the 0-form (3.11) is closed, that is, dF=0, if and only if

(3.14)

The exact first-order homogeneous 0-forms are functionals of the form (3.11) that are equal to 0 identically,
that is, by virtue of (3.12), 0-forms (3.11) such that

(3.15)

Relation (3.14) means that the 1-form fi(u)dui on the manifold M is closed, and relation (3.15) means that
the 1-form fi(u)dui on the manifold is exact.

Thus, we have proved that

Arbitrary first-order homogeneous 1-forms on the loop space have the following form:

(3.16)

where fik(u) is an arbitrary smooth covariant two-valent tensor field on the manifold M.
Let us find conditions for a first-order homogeneous 1-form (3.16) to be closed. We have 

(3.17)

Thus, a first-order homogeneous 1-form (3.16) is closed, that is, dω=0, if and only if the following relations
are valid:

(3.18)

(3.19)

Relations (3.18) and (3.19) just mean that fijdui /\ duj is a closed 2-form on the manifold M. From formula (3.
13) we find that the homogeneous 1-form (3.16) is exact if and only if

(3.20)

that is, provided that fijdui Λduj is an exact 2-form on the manifold M.
Thus, we have proved that

Arbitrary first-order homogeneous 2-forms have the expression

(3.21)
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where  gij(u)  is  an  arbitrary  smooth  covariant  two-valent  tensor  field  on  the  manifold  M  and  bijk(u)  is  a
smooth field on the manifold M  whose components transform according to the following law under local
changes of coordinates ui=ui(v1,…,vN) on the manifold:

(3.22)

In particular, if gij(u) is a non-degenerate symmetric metric on the manifold (in other words, if we deal with
a pseudo-Riemannian manifold (M, gij)), then the coefficients bijk(u) define an affine connection  on
the manifold M:

(3.23)

Moreover, the 2-form (3.21) must satisfy the skew-symmetry conditions

that is,

whence
(3.24)

(3.25)

Note  that  for  the  most  practically  important  case  in  which  gij(u)  is  a  pseudo-Riemannian  metric  on  the
manifold M, relation (3.25) just means that the connection defined by (3.23) is compatible with the metric
gij(u):

Let us find the conditions for the 2-form (3.21) to be closed: 
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Therefore, a first-order homogeneous 2-form (3.21) is closed if and only if the following relations are valid
(here we also assume that the skew-symmetry conditions (3.24) and (3.25) are satisfied):

(3.26)

(3.27)

The following theorem clarifies the differential-geometric meaning of relations (3.26) and (3.27) for skew-
symmetric  first-order  homogeneous  2-forms  (3.21)  (that  is,  provided  that  relations  (3.24)  and  (3.25)  are
satisfied).

Theorem  3.2  ([116])  A  first-order  homogeneous  2-form  (3.21)  is  closed  if  and  only  if  gij=gji  (this
condition is necessary for skewsymmetry) and

(3.28)

where Tijk(u) is the skew-symmetric tensor defined by an arbitrary closed 3-form α=Tijk(u)duiΛdujΛduk on
the manifold M. Moreover,  the 2-form (3.21) is exact if  and only if  α is an arbitrary exact  3-form on the
manifold  M,  that  is,  Tijk(u)  is  the  tensor  field  defined  by  an  arbitrary  2-form  β=βij(u)dui  Λduj  on  the
manifold M by the formula Tijk=(dβ)ijk.

Proof. Let us introduce Tijk(u) by the formula
(3.29)

It follows from the transformation law (3.22) for the coefficients bijk(u) that Tijk(u) is a tensor on M.
In particular, if gij(u) is a non-degenerate pseudo-Riemannian metric, then Tijk(u) is the torsion tensor with

lower indices for the affine connection defined by (3.23):

By comparing (3.25) with (3.26), we obtain the relation
(3.30)

that is,  since the tensor Tijk(u)  is always skew-symmetric with respect to the last  two indices by virtue of
definition (3.29), we have proved that relation (3.26) for skew-symmetric 2-forms (3.21) is equivalent to the
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condition that the tensor Tijk(u) is completely skew-symmetric, that is, it is skew-symmetric with respect to
any pair of indices. Hence, the tensor Tijk(u) defines the 3-form α = Tijk(u)dui Λduj Λduk on the manifold M.

Let us prove now that relation (3.27) is equivalent to the condition that the 3-form a defined by the skew-
symmetric tensor Tijk(u) is closed on the manifold M.

We introduce the new functions

(3.31)

By virtue of their definition, the functions Sijsk(u) are skewsymmetric with respect to the last two indices:
(3.32)

Moreover,  using  formula  (3.25),  we  find  that  Sijsk  are  also  skewsymmetric  with  respect  to  the  first  two
indices:

(3.33)

Let us now derive a number of auxiliary relations:

(3.34)

Using the skew-symmetry properties (3.32) and (3.33) for Sijkm(u) and the skew-symmetry of the tensor Tijk
(u), from (3.34) we obtain

(3.35)

Relation (3.27) can be rewritten in the form

(3.36)

Using formula (3.35), we further transform relation (3.27):
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(3.37)

Thus,  we have proved that  relation (3.27)  is  equivalent  to  the  condition that  the  3-form a  defined by the
skew-symmetric tensor Tijk(u) is closed on the manifold M:

(3.38)

or dα=0.
By permuting indices in formula (3.25), we obtain

(3.39)

(3.40)

Let us now consider the following linear combination of these formulae: (3.40)+(3.39)−(3.25). We obtain

(3.41)

and therefore,

(3.42)

Conversely, let gij(u) be an arbitrary symmetric tensor, and let Tijk(u) be the skew-symmetric tensor defined
by an arbitrary closed 3-form a=Tijk(u)duiΛdujΛduk on the manifold M. If we define the coefficients bijk(u)
by formula (3.42), then, as shown by straightforward calculations, all relations (3.25), (3.26), (3.27), and (3.
25) are satisfied.

It  follows from formula (3.17) that  a  first-order homogeneous 2-form (3.21) is  exact  if  and only if  the
following relations are valid:

(3.43)

(3.44)

where fij(u) is an arbitrary smooth tensor field on the manifold M. 
Let  us  introduce  a  new  skew-symmetric  tensor  field  βij=fji−  fij.  Then  we  find  that  a  first-order

homogeneous 2-form (3.21) is exact if and only if gij(u) is an arbitrary smooth symmetric tensor field on M
and the coefficients bijk(u) can be represented in the form

(3.45)

where βij(u) is an arbitrary smooth skew-symmetric tensor field on the manifold M. Thus,

and Theorems 3.2 and 3.1 are thereby proved.
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We note that homogeneous k-forms of order 1 are invariant with respect to the action of the group Diff+
(S1) of diffeomorphisms of the circle S1 preserving the orientation. This is important, in particular, from the
viewpoint of applications in the theory of closed boson strings in curved N-dimensional space-time M with
the metric (gravitational field) gij. The configuration space of these closed boson strings is the loop space
ΩM  of  the  pseudo-Riemannian  manifold  (M,  gij)  (the  requirement  of  invariance  or,  in  other  words,
independence on the parametrizations of the loops is necessary in the theory of boson strings for physically
sensible objects on the configuration space ΩM).

The homogeneous (pre)-symplectic structures on loop spaces of smooth manifolds studied by the present
author  in  [109],  [110],  [115],  [124],  [126]  (see  Sections  2.2,  2.4)  correspond  exactly  to  the  closed
homogeneous 2-forms on ΩM, that is, they are elements of

The approach developed in this section gives the possibility of finding explicitly (of expressing via the de
Rham cohomology of the manifold) the higher (i > 2) homogeneous cohomology groups of the loop space,
including the cases of higher orders m ≥ 2, although this requires huge calculations.

We note that, generally speaking, the shift equal to m between the homogeneous cohomology groups of
loop spaces of manifolds and the de Rham cohomology groups of the manifolds Hi(M, R) in formulae (3.7)
(m=0) and (3.9) (m=1) is not 

a general property for any i and m in the theory of homogeneous cohomology. In any case, it is easy to
show that

Indeed, homogeneous 0-forms of the second order are functionals of the form

(3.46)

where bij(u) is an arbitrary smooth symmetric tensor field on the manifold M.
Let us find the conditions for the second-order homogeneous 0-form (3.46) to be closed:

Thus, for any closed second-order homogeneous 0-form (3.46), the relation bij=0 must be satisfied, that is,
any closed secondorder homogeneous 0-form must be equal to 0 identically. 
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4
Local and non-local Poisson structures of differential-

geometric type

4.1
Riemannian geometry of multidimensional local Poisson structures of hydrodynamic

type

4.1.1
Multidimensional local Poisson brackets of hydrodynamic type

Let us consider multidimensional systems of hydrodynamic type, in other words, multidimensional evolution
quasilinear systems of first-order partial differential equations:

(41)

where  i,  j=1,…,  N;  α=1,…,  n;  x=(x1,…,  xn);  here  for  all  a  the  coefficients  are  arbitrary  N  ×  N  matrix
functions depending on u=(u1,…, uN), ui=ui(x, t).

Such systems naturally arise not only in Euler hydrodynamics and gas dynamics but also in the theory of
N-layer flows (the Benney equations), as dispersionless limits of different physical systems, as the result of
averaging by the Whitham method, and so on. As a rule, systems of hydrodynamic type arising in physically
interesting cases are Hamiltonian. A general differential-geometric Hamiltonian approach to systems of the
form (4.1) was proposed by Dubrovin and Novikov [34], [35].

Multidimensional Hamiltonian systems of hydrodynamic type introduced in [34], [35] have the form
(4.2)

where H is a functional of hydrodynamic type, that is, its density h(u) is a function that depends only on the
field variables ui and does not depend on their derivatives:

(4.3)

and the multidimensional Poisson bracket of hydrodynamic type has the form

(4.4)

where i, j, k=1,…, N; a=1,…, n; x=(x1,…, xn);



The corresponding multidimensional Hamiltonian operator is a homogeneous multidimensional operator of
the first order:

and the Hamiltonian system (4.2) can be rewritten in the form

It is clear that if a Poisson bracket has the form (4.4), then for any functional of hydrodynamic type (4.3) the
corresponding Hamiltonian system (4.2)  is  a  multidimensional  evolution quasilinear  system of  first-order
partial differential equations, that is, of the form (4.1). Moreover, the forms of a Poisson bracket (4.4) and a
system of hydrodynamic type (4.1) are preserved under local changes ui=ui(v) of coordinates on a manifold
M, and the co efficients of the bracket are transformed as differential-geometric objects on M.

The Hamiltonian operator is transformed as follows:

Correspondingly, for its coefficients we obtain the following transformation formulae:

This  makes  it  possible  to  develop  a  general  differential-geometric  approach  to  Hamiltonian  systems  of
hydrodynamic type (4.1).

If det(gijα) ≠ 0 for all a, then multidimensional Poisson structures of hydrodynamic type (4.4) are called
non-degenerate.

The  coefficients  gija(u)  are  transformed  as  metrics  with  upper  indices  on  the  manifold.  For  non-
degenerate Poisson brackets of the form (4.4) we introduce the coefficients by the formulae

The coefficients are transformed like the Christoffel symbols of an affine connection on the manifold:

It follows from the results of Dubrovin and Novikov [34], [35] that for non-degenerate Poisson brackets of
the  form  (4.4)  all  the  metrics  gijα(u)  are  flat  metrics  on  the  manifold  M  and  all  the  coefficients  define
symmetric  connections  of  zero  Riemannian  curvature,  which  are  compatible  with  the  metrics  gijα(u)
corresponding to them. In fact,  in the one-dimensional case (for n=1) Dubrovin and Novikov proved the
following theorem (we omit the index a of all the coefficients of the Poisson bracket in the onedimensional
case).

Theorem 4.1 (Dubrovin and Novikov [34]) If det[gij (u)] ≠ 0 and n=1, then the expression (4–4) defines
a Poisson bracket if and only if

1. gij(u)  is  a  Riemannian  or  pseudo-Riemannian  metric  of  zero  curvature  (that  is,  it  is  simply  a  Φ  at
metric),
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2. where  are  the  coefficients  of  the  Riemannian  connection  generated  by  the  metric  gij(u),  that  is,  the
symmetric connection compatible with the metric (the Levi Civita connection).

Thus, for n=1 there always exist local coordinates vi=vi(u) in which the one-dimensional Poisson bracket of
the form (4.4) is constant and has the form:

where εi=±1, i=1,…, N.
It is easy to show that each multidimensional Poisson bracket of hydrodynamic type (4.4) is always a sum

over a of corresponding one-dimensional Poisson brackets (see the right-hand side of formula (4.4) for each
a separately). Moreover, all these onedimensional Poisson brackets will be compatible if for each a we put
xα=x1. In fact, there is always a reduction xα=cαx1, where cα are arbitrary non-zero constants. This reduction
preserves  skewsymmetry  and  the  Jacobi  identity.  As  a  result  of  this  reduction,  any  multidimensional
Poisson  bracket  (4.4)  is  transformed  to  an  arbitrary  linear  combination  of  the  corresponding  one-
dimensional Poisson brackets.

Generally  speaking,  the  condition  that  an  expression  of  the  form  (4.4)  is  a  multidimensional  Poisson
bracket is a considerably stronger condition for the coefficients than the necessary requirement that all the
corresponding one-dimensional Poisson brackets are compatible. The problem of describing or classifying
multidimensional  homogeneous  Poisson  brackets  of  hydrodynamic  type  corresponds  to  the  problem  of
describing  or  classifying  an  important  subclass  of  compatible  one-dimensional  homogeneous  Poisson
brackets  of  hydrodynamic  type.  Note  that  the  problem  of  describing  or  classifying  all  compatible  one-
dimensional  homogeneous  Poisson  brackets  of  hydrodynamic  type  has  not  yet  been  solved  in  the  most
general case (see [29], [118], [119], [128]–[134]). This problem is very interesting and topical in the theory
of  onedimensional  systems  of  hydrodynamic  type  and  their  applications.  An  explicit  description  and
classification of two-dimensional homo geneous Poisson brackets of hydrodynamic type for a small number
of  components  1≤N≤4  was  obtained  by  the  present  author  in  [105].  It  is  interesting  that  for  N=4  a  one-
parameter family of two-dimensional Poisson structures of the form (4.4), which cannot be reduced to each
other by local changes of coordinates on the manifold, arises for the first time (for 1≤N<4 there are always
only finitely many canonical Poisson structures, and all the others can be reduced to them by local changes
of coordinates on the manifold).

First of all, let us find general relations for the coefficients of the bracket (4.4). 
Lemma  4.1  The  expression  (4.4)  defines  a  Poisson  bracket  if  and  only  if  the  following  relations  are

fulfilled:
(4.5)

(4.6)

(4.7)

(4.8)

(4.9)
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(4.10)

Relations (4.5) and (4.6) are equivalent to skew-symmetry of the bracket (4.4), and relations (4.7) (4.11) are
equivalent to the Jacobi identity for a skew-symmetric bracket of the form (4.4).

In Lemma 4.1 the non-degeneracy of the bracket is not assumed and no additional conditions are imposed
on the coefficients of (4.4). All relations (4.5)–(4.11) are obtained from the condition of skew-symmetry of
the bracket (4.4) and the fulfilment of the Jacobi identity for this bracket on arbitrary linear functionals of
the form I=∫ fi(x)ui(x) dnx by direct calculations.

In particular, it follows immediately from Lemma 4.1 that each multidimensional Poisson bracket (4.4) is
always a sum of onedimensional Poisson brackets corresponding to each independent variable xα.

First of all, let us consider relations (4.5)–(4.11) in the onedimensional case (n=1). It is clear that in the
one-dimensional  case  relation  (4.8)  is  a  consequence  of  relation  (4.7)  and,  furthermore,  relation  (4.10)
follows from relations (4.9), (4.7), and (4.6).

For a non-degenerate metric gijα we have: condition (4.5) gives symmetry of the metric; condition (4.6)
means that the connec-tion is compatible with the metric gijα, that is, the covariant derivative of the metric is
equal  to  zero;  condition  (4.7)  is  equivalent  to  the  condition  that  the  connection  is  symmetric,  that  is,
condition (4.9) means precisely that the connection is flat, that is, the Riemannian curvature tensor of the
connection  is  equal  to  zero;  condition  (4.11)  for  a=β  and  for  a  non-degenerate  metric  gijα  follows  from
relations  (4.7)  and  (4.9).  This  proves  the  Dubrovin-Novikov theorem for  nondegenerate  one-dimensional
Poisson structures of hydrodynamic type.

4.1.2
Tensor obstacles for multidimensional local Poisson brackets of hydrodynamic type

The following theorem gives  a  complete  set  of  differential-geometric  relations  for  the  coefficients  of  the
bracket  (4.4)  such  that  expression  (4.4)  defines  a  non-degenerate  Poisson  bracket  if  and  only  if  these
relations are satisfied.

Theorem  4.2  Flat  non-degenerate  metrics  gijα(u)  and  the  Riemannian  connections  defined  by  these
metrics (the Levi Civita connections) generate a Poisson structure (4.4) if and only if the tensors satisfy the
following relations:

(4.12)
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where

(4.13)

where Σ(i, j, k) means summation over all permutations of the elements (i, j, k),
(4.14)

(4.15)
where is the corresponding covariant derivative (note that in all these relations there is no summation over
a and β).

The tensors Tijkαβ are obstacles to reducing the non-degenerate Poisson structures (4.4) to a constant form,
that is, a non-degenerate Poisson bracket of the form (4.4) can be reduced to a constant bracket by a local
change  of  coordinates  if  and  only  if  all  the  tensors  Tijkαβ  are  equal  to  Zero.  In  fact,  if  even  one  of  these
tensors is not equal to zero identically, then the Poisson bracket cannot be reduced to a constant form by
local change of coordinates, since for each constant bracket and therefore in these local coordinates all the
tensors  are  equal  to  zero.  The  converse  is  also  obvious:  if  all  the  tensors  are  equal  to  zero,  then  all  the
connections are equal to each other, and consequently all of them are equal to zero in the flat coordinates of
the metric gij1, and all the metrics are constant in these coordinates by virtue of their compatibility with the
corresponding connections.

Relations  (4.12)  and  (4.14)  were  found  by  Dubrovin  and  Novikov  in  [35],  where  they  described  all
relations arising for the coefficients of Poisson structures of hydrodynamic type (4.4) from the fulfilment of
the Jacobi identity for all functionals of hydrodynamic type (4.3). In the present author’s paper [105] it is
proved  that  this  set  of  relations  is  not  complete,  and  all  necessary  and  sufficient  conditions  for  the
expression (4.4) to be a non-degenerate Poisson structure were found. Theorem 4.2 describes the complete
set  of  relations  for  the  coefficients  of  a  non-degenerate  Poisson  bracket  of  the  form (4.4)  that  guarantee
skew-symmetry of the bracket and the fulfilment of the Jacobi identity for arbitrary functionals. As is shown
below,  relations  (4.13)  and  (4.15)  are  essential  and  play  an  important  role  in  the  classification  of
multidimensional Poisson brackets of hydrodynamic type. It is curious that in the onedimensional case, as
Dubrovin and Novikov showed in [34], the relations obtained for a non-degenerate skew-symmetric bracket
(4.4) from the fulfilment of the Jacobi identity only for functionals of hydrodynamic type guarantee the fact
that (4.4) can be reduced to a constant form by a local change of coordinates, and consequently defines a
Poisson bracket. As Theorem 4.2 shows, even in the twodimensional case not all necessary relations can be
obtained on functionals of hydrodynamic type.

If  the  metrics  gijα  are  non-degenerate,  then  from Lemma 4.1  we  deduce  that  for  a  ≠  β  condition  (4.7)
gives relation (4.12) for the obstacle tensors; condition (4.8) is equivalent to relation (4.13); condition (4.9)
is  equivalent  to  relation  (4.14);  condition  (4.10)  is  equivalent  to  relation  (4.15);  for  the  case  of  non-
degenerate  metrics  condition (4.11)  is  a  direct  consequence of  relations (4.5)–(4.10)  (in  the general  case,
this is not true, that is, condition (4.11) is essential for the case of degenerate metrics).

For N=1 and any n all the obstacle tensors are equal to 0. In fact, in the one-component case relations (4.
5), (4.7), (4.9), and (4.11) are automatically fulfilled, relation (4.6) gives ∂gα/∂u = 2bα, and from the relation
(4.8) we deduce that gαbβ=gβbα, and relation (4.10) follows from (4.6) and (4.8). Thus, in the onecomponent
case for any n and for any a we have gα=cαg(u), where gα(u) is an arbitrary function, and cα is an arbitrary
constant. All the obstacle tensors Tαβ are equal to zero and therefore all multidimensional one-component
Poisson brackets of the form (4.4) can be reduced to a constant form by a local change of the coordinate u1.
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4.1.3
Infinite-dimensional Lie algebras associated with multidimensional local Poisson

brackets of hydrodynamic type

A flat metric gijα(u) can always be reduced to a constant form by a local change of the variables ui. Let us
reduce  one  of  the  metrics  (for  definiteness,  we  reduce  the  first  one)  to  a  constant  form.  The  following
important theorem is a simple consequence of Theorem 4.2. 

Theorem 4.3 ([35], [105]) If gij1=const for a non-degenerate multidimensional Poisson structure (4.4),
then all the other metrics are linear with respect to the fields ui(x):

Remark 4.1 For N ≥ 3 Theorem 4.3 was proved by Dubrovin and Novikov in [35]. The study of the special
cases N=1, 2 in [35] is not correct, since the study is based, as is mentioned above, on the set of relations
for the obstacle tensors,  which is  obtained in [35] and which is  incomplete in order to guarantee that  the
expression (4.4) is a Poisson bracket. In [35] there are found only those relations that follow from the fact
that  the Jacobi  identity is  fulfilled for  all  functionals  of  hydrodynamic type.  This  is  not  sufficient  for  the
fulfilment of the Jacobi identity for all functionals. But it is very curious that in the multicomponent case, that
is,  for  N  ≥  3,  this  incomplete  set  of  relations  is  nevertheless  sufficient  to  prove  the  fact  that  any  non-
degenerate Poisson bracket of the form (4.4) can be reduced to a linear form (Theorem 4.3) (but, of course,
this  set  of  relations  is  not  sufficient  for  the  classification  of  such  Poisson  structures  or  corresponding
infinite-dimensional Lie algebras).

Corollary 4.1  An arbitrary non-degenerate  multidimensional  local  Poisson structure of  hydrodynamic
type is defined by an infinitedimensional Lie algebra of special type and a 2-cocycle on this Lie algebra:

The corresponding 2-cocycles on the Lie algebra must have the following form:

Let  us  mention  briefly  here  a  general  scheme  that  goes  back  to  Sophus  Lie  (see  [69])  concerning
interconnections between infinitedimensional Lie algebras and Poisson structures whose coefficients depend
linearly (possibly, non-homogeneously) on the variables ui(x) and their derivatives where In what follows we
shall often use this scheme in different situations.

Let us consider Hamiltonian operators of the form

(4.16)

where and bij,(p) are constants. Consider the space S of sequences (ξ1,…, ξN), ξi E C∞(Tn). If ξ and η belong
to S, then we have

(4.17)

Correspondingly, on the space S a bilinear operation [·,·]:
(4.18)
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and a bilinear form

(4.19)

are defined.
The operator Mij of the form (4.16) is skew-symmetric if and only if the bilinear operation (4.18) and the

bilinear form (4.19) are skew-symmetric on the space S, that is,

and

The operator Mij of the form (4.16) is Hamiltonian if and only if the space S is a Lie algebra with respect to
the bilinear operation (4.18), that is, this operation is skew-symmetric and satisfies the Jacobi identity

and, in addition, the bilinear form (4.19) is a 2-cocycle on this Lie algebra, that is, this bilinear form is skew-
symmetric and satisfies the closedness identity

(4.20)
For any k-form ω(a1,…, ak) on a Lie algebra G, ai E G, the differential d is defined by

(4.21)

with d2ω=0.
A 2-cocycle ω(ξ, η) defined by a Hamiltonian operator of the form (4.16) is cohomologous to zero, that is,

where f is a 1-form on the Lie algebra S, if and only if it can be annihilated by a shift of the field variables
where ci are constants, that is, provided that

(4.22)
Example 4.1 Poisson structures defined by the Lie algebra of vector fields on the n-dimensional torus Tn.

The commutator of vector fields ξ and η has the form:

(4.23)

For the corresponding Hamiltonian operator Mij we obtain:

(4.24)

(4.25)

It follows from the relations of Lemma 4.1 that if for a 2-cocycle on the Lie algebra of vector fields on Tn (4.
23) the corresponding Poisson structure remains in the class of Poisson structures of hydrodynamic type (4.
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4)  (see  formulae  (4.17)  and  (4.19)),  then  this  2-cocycle  is  cohomologous  to  zero.  For  n≤2  the  Poisson
structure (4.25) is non-degenerate, but for n>2 all the metrics in (4.25) are degenerate.

Let us consider now the first  non-trivial  case of multidimensional Poisson structures of the form (4.4),
namely, the two-component case N=2.

Theorem 4.4  ([105])  If  for  N=n=2  the  tensor  is  not  equal  to  0  identically,  then  by  a  local  change  of
coordinates on the manifold the non-degenerate Poisson structure (4.4) can be reduced to the canonical form
generated by Φat metrics

(4.26)

In  particular,  if  one  of  the  metrics  is  positive  (or  negative)  definite,  then  the  Poisson  structure  can  be
reduced to a constant form. The Poisson structure generated by the canonical metrics (4.26) is connected
with the Lie algebra (4.23) of vector fields on the twodimensional torus T2.

For the canonical Poisson structure generated by the metrics (4.26) the obstacle tensor Tijk,12 is not equal
to zero, in particular, and consequently this Poisson bracket cannot be reduced to a constant form by local
changes of variables.

Proposition 4.1 ([105]) The Poisson structure generated by the Lie algebra of vector fields on T2:

reduces to the canonical form by the local quadratic change of co ordinates

This example is connected with the two-dimensional Euler hydrodynamics of an ideal incompressible fluid
(with further reduction to divergent-free vector fields).

Corollary  4.2  ([105])  Any  two-dimensional  two-component  nondegenerate  Poisson  structure  of
hydrodynamic type either can be  reduced to a constant form or is generated by the Lie algebra of  vector
fields on T2.

Theorem 4.5  ([105])  For  n>2  multidimensional  two-component  non-degenerate  Poisson  structures  of
hydrodynamic  type  reduce  to  two-dimensional  Poisson  structures  by  an  unimodular  change  of  the  space
variables xi.

4.2
Homogeneous Hamiltonian systems of of hydrodynamic type and metrics of constant

Riemannian curvature

4.2.1
One-dimensional homogeneous Hamiltonian systems of hydrodynamic type

Let  us  consider  in  more  detail  the  one-dimensional  homogeneous  systems  of  hydrodynamic  type,  that  is,
evolution quasilinear systems of first-order partial differential equations

(4.27)
where is an arbitrary N×N matrix function of N variables, u=(u1,…, uN), ui=ui(x, t), i=1,…, N.
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Dubrovin and Novikov introduced and described the class of one-dimensional homogeneous Hamiltonian
systems of hydrodynamic type

(4.28)
where H is an arbitrary functional of hydrodynamic type, that is,

(4.29)

and the Poisson bracket has the form

(the Dubrovin-Novikov bracket). The form of the Poisson bracket (4.30) is invariant with respect to local
changes  of  coordinates  on  the  manifold  M,  and  the  coefficients  of  the  bracket  are  transformed  like
differential-geometric objects on M. The Dubrovin-Novikov theorem gives a complete description of non-
degenerate Poisson brackets of the form (4.30) (see Section 4.1). The Poisson structures (4.30) are defined
on  the  loop  spaces  of  flat  manifolds  and  are  invariant  with  respect  to  the  group  Diff+(S1)  of
orientationpreserving diffeomorphisms of the circle S1.

All these Hamiltonian systems of hydrodynamic type have a natural Lagrangian origin. Let us consider
the following action of type (2.104):

where  (gij)  is  a  constant  non-degenerate  symmetric  metric,  and  h(v)  is  an  arbitrary  function.  The
corresponding Lagrangian system δS/δui(x)=0 has a symplectic representation of the form

After the transformation we obtain a Hamilto nian system of hydrodynamic type in flat coordinates

Thus, the action S generates the general class of homogeneous Hamiltonian systems of hydrodynamic type
(written in flat coordinates (v1,…, vN)) introduced and studied by Dubrovin and Novikov [34].

The homogeneous Hamiltonian systems of  hydrodynamic type under  consideration can be rewritten in
the form

(4.31)

where is the covariant derivative generated by a metric of zero curvature.
It was proved by Tsarev [163], [166] that if a homogeneous Hamiltonian system of hydrodynamic type (4.

31) possesses the complete set of Riemann invariants, that is, the matrix

is diagonalizable, then this system is integrable by the generalized hodograph method.
We recall that the function R(u1,…, uN) is called a Riemann invariant of the system of hydrodynamic type

(4.27) if there is a function α(u1,…, uN) such that by virtue of the system (4.27) we have

SYMPLECTIC AND POISSON GEOMETRY 55



In  particular,  a  system  of  hydrodynamic  type  is  diagonalizable  if  and  only  if  this  system  possesses  the
complete  set  of  Riemann  invariants  (in  other  words,  the  set  of  N  different  and  functionally  independent
Riemann invariants which can be taken as new coordinates {R1,…, RN}, Ri=Ri(u1,…, uN), i=1,…, N):

(4.32)
The  diagonal  system  (4.32)  is  called  semi-Hamiltonian  if  its  coefficients  αi(R),  i=1,…,  N,  satisfy  the
following relations ([163], [166]):

(4.33)

In particular, Tsarev proved that any diagonal Hamiltonian system of hydrodynamic type is always semi-
Hamiltonian [163], [166].

Theorem  4.6  (Tsarev  [163],  [166])  Let  the  system  (4.32)  be  a  diagonal  Hamiltonian  (or  semi-
Hamiltonian) system of hydrodynamic type. If w1(R),…, wN(R) is an arbitrary solution of the linear system 

(4.34)

then the functions R1(x, t),…, RN(x, t) determined by the system of equations
(4.35)

satisfy the system of hydrodynamic type (4.32).
Moreover, every smooth solution of this system is always locally obtainable in this way.
The relations (4.33) are equivalent precisely to the compatibility conditions for the linear system (4.34).

4.2.2
Non-local Poisson brackets of hydrodynamic type related to metrics of constant

Riemannian curvature

The  author  of  the  present  paper  and  Ferapontov  [136]  proposed  a  non-local  generalization  of  the
Hamiltonian  theory  of  one-dimensional  systems  of  hydrodynamic  type  (4.27).  This  generalization  is
connected with non-local Poisson brackets of the form (the Mokhov-Ferapontov brackets)

(4.36)

where K is an arbitrary constant.
For any Hamiltonian H of hydrodynamic type (4.29) and for any non-local Poisson bracket of the form (4.

36) we shall always obtain a system of hydrodynamic type (4.27). Moreover, (4.36) is the most general form
of  Poisson  brackets  having  the  property  of  generating  systems  of  hydrodynamic  type  (4.27)  for  any
Hamiltonian  H  of  hydrodynamic  type  (4.29)  (if  the  number  of  components  N>1;  of  course,  in  the  one-
component case it is possible explicitly to point out different integro-differential operators of arbitrary odd
orders that possess this property). 

Lemma 4.2 ([121]) The expression (4.36) defines a Poisson bracket if and only if the following relations
are fulfilled:

(4.37)
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(4.38)

(4.39)

(4.40)

(4.41)

In Lemma 4.2 we do not assume that the matrix gij is nondegenerate. The general relations (4.37)–(4.41) are
obtained  by  direct  calculations  from  the  Jacobi  identity  and  skew-symmetry  of  the  Poisson  structure.
Relations (4.37) and (4.38) are equivalent to skew-symmetry of the bracket (4.36), and relations (4.39)–(4.
41) are equivalent to the fulfilment of the Jacobi identity for a skewsymmetric bracket (4.36).

Theorem 4.7 ([136]) If

then the expression (4.36) defines a Poisson bracket if and only if

1. gij(u) is a metric of constant Riemannian curvature K,
2. where  are the coefficients of the Riemannian connection generated by the metric gij(u) (the Levi

Civita connection).

Proof. It follows from (4.37) and the transformation law for the coefficients of the Poisson structure that gij

is a symmetric Riemannian or pseudo-Riemannian metric on the manifold. Introducing the coefficients of
differential-geometric connection by the formula

we  deduce  that  relation  (4.38)  is  equivalent  to  the  condition  that  the  connection  is  compatible  with  the
metric gij:

Relation (4.39) is equivalent to the condition that the connection is symmetric:

Thus,  is  the  Levi-Civita  connection,  that  is,  the  Riemannian connection generated by the  metric.  If  these
conditions are fulfilled, then relation (4.40) can be rewritten as follows:

(4.42)
where  is  the  Riemannian  curvature  tensor.  Relation  (4.42)  for  the  Riemannian  curvature  tensor  means
precisely  that  the  metric  gij(u)  is  a  metric  of  constant  Riemannian  curvature  K.  Relation  (4.41)  is  a
consequence  of  relations  (4.37)–(4.40)  in  the  case  of  a  non-degenerate  metric  gij(u)  and  therefore  it  is
automatically fulfilled for the metric of constant Riemannian curvature (in the case of a degenerate metric,
this relation is non-trivial).

Note that in the one-component case (for N=1) relation (4.42) is fulfilled for any value of the constant K,
that is, if condition (4.38) is fulfilled, then (4.36) defines a one-component Poisson structure for any K. We

SYMPLECTIC AND POISSON GEOMETRY 57



do  not  explicitly  specify  this  trivial  case  in  Theorem  4.7,  assuming  conditionally  that  it  is  possible  to
attribute any value of curvature K  to any one-component metric. It  is interesting that the examples of the
Liouville  equation  and  the  sineGordon  equation  (see  Section  2.2,  formulae  (2.98),  (2.99),  (2.101))  differ
from each other namely by the sign of the “conditional  curvature” K.  Along with the Liouville and sine-
Gordon equations and the systems of hydrodynamic type, a non-local operator (or the non-local part  (the
non-local  tail)  of  an operator)  of  the form naturally arises in the Hamiltonian structure of  the Krichever-
Novikov equation (see formulae (2.123)–(2.125) in Section 2.3), in the third Hamiltonian structure of the
Kortewegde  Vries  equation  (see  formula  (2.119)  in  Section  2.3),  and  in  the  Hamiltonian  theory  of  the
Heisenberg magnets (see Section 4.4). 

The Hamiltonian systems of hydrodynamic type

that correspond to the non-degenerate Poisson structures (4.36) can be rewritten in the form

where is the covariant derivative generated by a metric of constant Riemannian curvature K.
Any  diagonal  system  of  hydrodynamic  type  which  is  Hamiltonian  with  respect  to  the  non-degenerate

Poisson brackets (4.36) is also always semi-Hamiltonian.
On local translation-invariant functionals of the form
the Poisson structure (4.36) always generates a local expression, since is a total derivative with respect to

x:

In particular, on functionals of hydrodynamic type

on  the  loop  space  ΩM  of  a  manifold  (M,  gij)  of  constant  Riemannian  curvature  K  the  non-degenerate
Poisson bracket (4.36) can be rewritten in the following local form:

where is the covariant derivative generated by the metric of constant Riemannian curvature is the velocity
vector 

field of the loop γ(x), is the covariant derivative along the loop γ(x), and

is the scalar product of covector fields on M.
The non-local Poisson brackets of hydrodynamic type under consideration are defined on the loop spaces

ΩM of manifolds M of constant Riemannian curvature K and they are invariant with respect to the action of
the group Diff+(S1) of orientation-preserving diffeomorphisms of the circle S1.

The canonical form of the non-local Poisson brackets with respect to local changes of coordinates on M is
defined by the canonical metrics of constant Riemannian curvature K:
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(4.43)

It is obvious that they cannot be reduced to a constant form by local changes of coordinates on M.
Note that the homogeneous symplectic structures of the first order considered in Section 2 do not possess

any non-local generalizations similar to (4.36), that is, of the form

If det[gij(u)]=0, then the geometrical description of non-local Poisson brackets (4.36) is very complicated
(the  corresponding  relations  (4.37)–(4.41)  were  obtained  by  the  present  author  in  [121]).  A  complete
geometrical description has not been obtained even in the local case (for K=0); see [75].

The  Poisson  structures  connected  with  the  metrics  of  constant  Riemannian  curvature  have  numerous
applications  in  mathematical  physics.  We  consider  here  the  simplest  example  of  the  Chaplygin  gas
equations. tions

Example 4.2 Let us consider the system of Chaplygin gas equa

(4.44)

We rewrite this system in the Riemann invariants u, v:

(4.45)

where

This system possesses the Poisson structures of hydrodynamic type generated by diagonal metrics gij of the
following form:

For  any  constants  c1,  c2,  c3  we  obtain  a  metric  of  constant  Riemannian  curvature  K,  generating  the
corresponding non-local Poisson structure of the Chaplygin gas equations. For K=0 we obtain flat metrics
corresponding  to  three  different  local  Poisson  structures  of  hydrodynamic  type  for  the  Chaplygin  gas
equations.  All  these  local  and  non-local  Poisson  structures  are  compatible,  that  is,  they  generate  a  linear
pencil of Poisson structures.

In [38] Ferapontov classified all two-component systems of hydrodynamic type possessing one non-local
and three local Poisson structures of hydrodynamic type.

Example 4.3 ([39], [53]) Let us consider a diagonal system of hydrodynamic type
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which describes the quasiclassical limit of coupled Korteweg-de Vries equations [2]–[4], [39], [53], [57]. 
This system possesses n+1 local and one non-local Poisson structure of hydrodynamic type, which are

compatible. The flat diagonal metrics

generate compatible local Poisson structures of the system under consideration:

where is the Levi-Civita connection corresponding to the metric
The recursion operator R=A1(A0)−1 has the form:

(4.46)

For all a=0, 1,…, n−1 the following recursion relation is fulfilled: Aa+1=RAa. The operator An+1=RAn is non-
local and has the form:

(4.47)

where

is a metric of constant Riemannian curvature 1/4 generating the non-local Poisson structure An+1.
Essentially, as was shown in [53], for n≥3 all systems of hydrodynamic type possessing n+1 local and

one  non-local  Poisson  structure  of  hydrodynamic  type  reduce  to  the  hierarchy  of  the  system  under
consideration, that is, the quasiclassical limit of coupled KdV equations, which is written here above in the
Riemann invariants.
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The Poisson structures generated by the metrics of constant Riemannian curvature also have very natural
applications  in  the  theory  of  non-homogeneous  systems  of  hydrodynamic  type  and  in  the  theory  of  the
Heisenberg magnets (see Section 4.4).

A number  of  important  concrete  examples  of  non-local  Poisson  brackets  of  hydrodynamic  type  (4.36)
arising in mathematical physics, in particular, as Hamiltonian structures of the Whitham equations obtained
by  averaging  the  Korteweg-de  Vries  equation,  the  non-linear  Schrödinger  equation,  and  the  sine-Gordon
equation, were later explicitly described and studied by Pavlov and Alekseev in [1], [154], [155].

Example 4.4 ([1]) Let us consider a family of diagonal metrics of the form

(4.48)

where  dp  is  the  differential  of  quasimomentum  arising  in  the  theory  of  the  KdV  equation,  that  is,  the
Abelian differential of the second kind on the Riemann surface kind on the Riemann surface

(4.49)

with the only pole at the infinite point λ=∞ of the form

and with the normalization conditions

(4.50)

Here  all  ui  are  real  and  distinct:  u1<u2<···<  u2g+1.  All  the  constructed  metrics  are  non-degenerate.  The
metrics and are flat metrics generating two local compatible Poisson structures of hydrodynamic type and
for the Whitham equations describing slow modulations of g-gap solutions of the KdV equation:

(4.51)
where wi=dq/dp (λ=ui), dq is the Abelian differential of the second kind on the Riemann surface (4.49) with
singularity of the form

at  the  infinite  point  and with  normalization  similar  to  (4.50).  Defining the  recursion operator  R  from the
relation we consider the Poisson structures For n=2 we obtain non-local Poisson structures of hydrodynamic
type generated by the metric of constant Riemannian curvature −1/4. For n>2 the Poisson structures have
more complicated non-local form:

(4.52)

where (wl)i=dsl/dp (λ=ui), dsl is the Abelian differential of the second kind on the Riemann surface (4.49) with
singularity of the form
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and with normalization similar to (4.50). 

4.2.3
Further non-local generalizations of Poisson brackets of hydrodynamic type

The differential geometry of non-local Poisson structures of the type (4.52), which are a generalization of the
non-local  Poisson  structures  of  hydrodynamic  type,  was  studied  by  Ferapontov  in  [39]  (the  Ferapontov
brackets).

Theorem 4.8 ([39]) The expression

(4.53)

defines a Poisson bracket if and only if

1.  where  are the coefficients of  differential-geometric connection generated by a symmetric  (pseudo-
Riemannian) metric gij(u) (the Levi Civita connection),

2. the  pseudo-Riemannian  metric  gij(u)  (with  lower  indices)  and  the  affinor  satisfy  the  Gauss  Peterson
Codazzi relations:

(4.54)

where is the Riemannian curvature tensor.

Thus, the classic Gauss-Peterson-Codazzi relations for hypersurfaces M of a pseudo-Euclidean space EN+1 are
equivalent to the skew-symmetry and the fulfilment of the Jacobi identity for the non-local Poisson bracket
(4.53).  Here  gij  is  the  first  fundamental  form  of  the  hypersurface  M  and  the  affinor  is  the  Weingarten
operator (shape operator). The Dubrovin-Novikov brackets correspond to hyperplanes in EN+1. In this case
the  Weingarten  operator  vanishes.  In  the  case  of  a  hypersphere  of  radius  1,  and  we  obtain  the  non-local
Poisson bracket of hydrodynamic type (4.36).

It is important to note that in the case of the Poisson brackets (4.53), in contrast to (4.36), it is necessary
specially to describe the class of Hamiltonians H of hydrodynamic type (4.29), which generate systems of
hydrodynamic type (4.27), since this condition is far from being fulfilled for all of them: the functional H=∫
h(u) dx must be a first integral of the system

where is the affinor from (4.53) (see [39]).
Further non-local generalization of the Dubrovin-Novikov brackets (4.30) leads to N-dimensional surfaces

with flat normal connections, which are embedded in a pseudo-Euclidean space EN+L [39]. We recall that an
N-dimensional surface M in a pseudo-Euclidean space EN+L is called a surface with Φ at normal connection
if it possesses a framing by the field of unit normals α=1,…, L, such that

Theorem 4.9 ([39]) The expression
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(4.55)

defines a Poisson bracket if and only if

1. where are the coefficients of the differential-geometric connection generated by a symmetric (pseudo-
Riemannian) metric gij(u) (the Levi Civita connection),

2. the pseudo-Riemannian metric gij(u) (with lower indices) and the set of affinors satisfy the relations:

(4.56)

Moreover, the family of affinors ωα is commutative:

Relations (4.56) are nothing but the Gauss-Peterson-Codazzi equations for N-dimensional surfaces M with
flat  normal  connections  in  a  pseudo-Euclidean  space  EN+L.  Here  gij  is  the  first  fundamental  form  of  the
surface M, and ωα are the Weingarten operators corresponding to the field of normals

All  local  and  non-local  Poisson  brackets  of  hydrodynamic  type,  considered  in  the  present  section,  are
always defined on the loop spaces ΩM of the corresponding manifolds M (in particular, for (4.36) they are
manifolds  of  constant  Riemannian  curvature  K,  for  (4.53)  they  are  arbitrary  hypersurfaces  in  a  pseudo-
Euclidean  space  EN+L,  for  (4.55)  they  are  arbitrary  surfaces  with  flat  normal  connections  embedded  in  a
pseudo-Euclidean space EN+L), and all of them are invariant with respect to the action of the group Diff+(S1)
of orientation-preserving diffeomorphisms of the circle S1.

In  the  next  section  we  shall  also  consider  a  non-homogeneous  generalization  of  local  and  non-local
Poisson structures of hydrodynamic type.

4.3
Non-homogeneous Hamiltonian systems of hydrodynamic type

4.3.1
Non-homogeneous local multidimensional Poisson brackets of hydrodynamic type

Let us consider non-homogeneous multidimensional systems of hydrodynamic type

(4.57)

Non-homogeneous  local  multidimensional  Poisson  structures  of  hydrodynamic  type  are  defined  by  the
formula

(4.58)
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Lemma 4.3 The expression (4.58) defines a Poisson structure if and only if the right-hand side of (4.58) is
the sum of a homogeneous multidimensional Poisson structure of hydrodynamic type (see formula (4.4) in
Section  4.1)  and  a  classic  finite-dimensional  Poisson  structure  ωij(u),  and  these  Poisson  structures  are
compatible, that is, the following compatibility conditions are fulfilled:

(4.59)
where

(4.60)

In  Lemma  4.3  non-degeneracy  of  the  metrics  is  not  assumed.  For  the  homogeneous  multidimensional
Poisson bracket of hydro dynamic type which is a part of the bracket (4.58) relations (4.5)– (4.11) must be
fulfilled, and for the finite-dimensional Poisson structure ωij(u) the following classic relations are satisfied:

(4.61)

(4.62)

Lemma 4.4 If the metrics gijα are non-degenerate, then the compatibility conditions (4.59) and (4.60) have
the following form:

(4.63)

(4.64)
where is the covariant derivative generated by the metric gijα.

Thus, the compatibility conditions have a clear differentialgeometric sense: in particular, condition (4.63)
means precisely that a skew-symmetric tensor ωij(u) is a Killing bivector for each of the flat Riemannian or
pseudo-Riemannian metrics gijα. 

We recall  that  a  skew-symmetric  tensor  ξi1i2…ip  on a  Riemannian or  pseudo-Riemannian manifold (M,
gij) is called a Killing tensor if it satisfies the relation

where is the Riemannian connection generated by the metric.
Killing tensors are specified by the following property: for a skew-symmetrie tensor ξi1i2…ip the tensor is

covariantly constant along any geodesic ui(x) on the manifold M if and only if the tensor ξi1i2…ip is a Killing
tensor.

In fact, if ui(x) is an arbitrary geodesic on M, then

In particular, for p=1 we obtain the classic Killing vectors.
Killing tensors also possess the following fundamental property: for them the covariant derivative tensor
kξi1i2…ip  is  skewsymmetric  with  respect  to  any pair  of  indices.  Arbitrary  skewsymmetric  tensors  whose

covariant derivatives are also skew-symmetric tensors were considered for the first  time by Bochner (see
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[10],  [176],  [178]).  In the present survey we shall  be interested in contravariant Killing bivectors bij  with
indices raised with the help of the corresponding metrics.

4.3.2
Killing-Poisson bivectors on flat manifolds and Lie—Poisson bivectors

If a Killing bivector on a Riemannian or pseudo-Riemannian manifold (M, gij) is simultaneously a Poisson
bivector, then it is called a Killing Poisson bivector.

Theorem  4.10  An  ultralocal  Poisson  structure  ωij(u)  is  compatible  with  the  non-degenerate
multidimensional homogeneous Poisson  structure of hydrodynamic type (4.4) if  and only if  it  is  a Killing
Poisson bivector for each of the metrics gijα. 

By Lemmas 4.3 and 4.4 it is sufficient to prove that relation (4.64) is fulfilled for Killing bivectors on the
corresponding flat manifolds. In fact,

whence it follows immediately that We use the fact that in our case all covariant derivatives are generated
by the flat metrics gijα. Since all the metrics gijα are flat, we can consider coordinates wi in which one of the
metrics,  for  example  gij1,  is  constant.  In  these  flat  coordinates  all  Christoffel  symbols  vanish.  From
condition (4.64) it follows immediately that the bivector ωij is linear in these coordinates:

(4.65)
where and fij are constant. From conditions (4.61) and (4.62) it follows that  are structural constants of
an N-dimensional Lie algebra

(4.66)
and f(ei, ej)=fij is a 2-cocycle on this Lie algebra, that is, the following relations are fulfilled:

(4.67)

(4.68)

Moreover, the Lie algebra (4.66) is equipped with a non-degenerate bilinear form

satisfying the relations
(4.69)

(4.70)
Relation (4.70) is equivalent to relation (4.63):

Conditions  (4.69)  and  (4.70)  mean  that  the  Lie  algebra  (4.66)  is  equipped  with  the  invariant  symmetric
bilinear form
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In  the  one-dimensional  case  there  are  no  other  conditions  on  the  Lie  algebra  (4.66).  We  note  that  the
condition of compatibility for an arbitrary Lie Poisson bivector (4.65), that is, a Poisson bivector which is
linear with respect to coordinates, with a constant Poisson bracket of hydrodynamic type, means precisely
that the metric of this Poisson bracket is invariant on the Lie algebra (4.66). It is important to note that, as
follows from Lemma 4.3, this fact is also valid in the case of a degenerate metric. Linear non-homogeneous
Poisson structures of hydrodynamic type with degenerate metrics often arise in applications (in particular,
see Examples 4.5 and 4.6 below).

Thus,  any  finite-dimensional  Lie  algebra  equipped  with  a  nondegenerate  symmetric  invariant  scalar
product  and  an  arbitrary  2-cocycle  on  this  Lie  algebra  defines  a  local  non-homogeneous  onedimensional
Poisson structure of hydrodynamic type, and consequently these Lie algebras completely describe Killing-
Poisson bivectors on flat Riemannian or pseudo-Riemannian manifolds.

In particular,  any semisimple Lie algebra defines a  non-degenerate one-dimensional  non-homogeneous
local Poisson structure of hydrodynamic type. As the metric gij1  we can take the Killing metric,  which is
non-degenerate in this case and satisfies conditions (4.69) and (4.70). The corresponding Poisson structures
correspond to a class of Kac-Moody algebras (see [77]).

4.3.3
Kac-Moody algebras related to non-homogeneous Poisson brackets of hydrodynamic

type

Let us consider the space S of sequences ξ(x)=(ξ1(x),…, ξN(x)), ξi(x) E C∞(S1), and define the commutator on
S:

(4.71)

where  are the structural constants of an N-dimensional Lie algebra G:

The commutator (4.71) turns the space S  into an infinite-dimensional Lie algebra, namely, a loop algebra
For any semisimple Lie algebra G the Killing metric

defines a non-cohomologous to zero 2-cocycle h on the loop algebra GS1:

(4.72)

where
This 2-cocycle h(ξ, η) generates a non-trivial central extension Ĝ of the loop algebra . All the extended

algebras  Ĝ  obtained  in  this  way  (they  are  Kac-Moody  algebras  [77])  define  an  important  class  of  non-
homogeneous local Poisson structures of hydrodynamic type.

In fact, the operator Mij, which is uniquely defined by the relation

(4.73)

is Hamiltonian.
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One-dimensional  non-homogeneous  local  Poisson  structures  of  hydrodynamic  type  were  studied  by
Dubrovin  and  Novikov  [35]  (see  also  [36],  [37],  [145];  in  [35],  [37],  [145]  there  is  an  inaccuracy  in  the
description  of  one-dimensional  non-homogeneous  local  Poisson  brackets  of  hydrodynamic  type  (4.58)
which was corrected in [36]).

In the next section we shall consider a non-local generalization of these results.
Let us mention some examples of non-homogeneous systems of hydrodynamic type. 
Example 4.5 The 3-wave equations.
The  N-wave  equations  [147]  are  a  Hamiltonian  non-homogeneous  system  of  hydrodynamic  type  and

always possess a local Poisson structure of the form (4.58). In particular, for N=3 the Poisson structure is
generated by the simplest affine Kac-Moody algebra and the 3-wave interaction equations

(4.74)

where vi, i=1, 2, 3, are constants, can be represented in the following Hamiltonian form:

(4.75)

where H is the quadratic Hamiltonian

(4.76)

and Mij is the Hamiltonian operator

(4.77)

The Hamiltonian operator (4.77) is uniquely defined by (4.73) for the simple Lie algebra sl(2) in a suitable
basis {ei}:

(4.78)
and the Killing metric in this basis has the form

We shall need the 3-wave equations (4.74) in Section 5 for the study of equations of associativity in two-
dimensional field theory.

In concrete examples Poisson structures of hydrodynamic type with degenerate metrics often arise, but
their  geometry  has  been  insufficiently  studied  (see  the  general  relations  in  Lemma  4.3).  For  example,  a
Poisson structure for the real reduction of the 2-wave interaction system

(4.79)

is generated by the two-dimensional Lie algebra
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and a degenerate 2-cocycle on its loop algebra:

and the Hamiltonian H is quadratic:

Another  important  example  with  one  degenerate  and  one  nondegenerate  metric  is  given  by  the  KdV
equation.

Example 4.6 The Korteweg de Vries equation.
Let us regard the KdV equation as a non-homogeneous system of hydrodynamic type or, in this case, as

an evolution system with respect to the space variable x:

(4.80)

In  the  paper  [164]  it  is  shown  that  the  KdV  system  (4.80)  is  Hamiltonian  with  respect  to  some  non-
homogeneous Poisson structures of hydrodynamic type which are, in fact, induced by the wellknown Magri
and  Gardner-Zakharov-Faddeev  Poisson  structures  for  the  KdV  equation.  In  the  present  author’s  paper
[108]  it  is  shown  that  the  first  Poisson  structure  of  the  KdV  system  (4.80)  is  generated  by  the  simplest
infinite-dimensional affine Kac-Moody algebra sl(2), that is, it coincides with the Poisson structure of the 3-
wave equations, and the second Poisson structure is defined by the unique three-dimensional nilpotent (non-
Abelian) Lie algebra (this is the Lie algebra of type 2 in the Bianchi classification of all three-dimensional Lie
algebras) and a 2-cocycle on its loop algebra.

In fact, the KdV system (4.80) has the following Hamiltonian representation:

(4.81)

where the non-homogeneous Poisson structure of hydrodynamic type associated with the Magri bracket for
the KdV equation (see [164]) is non-linear with respect to the field variables ui:

(4.82)

(4.83)

(4.84)
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After a local quadratic unimodular change of variables, found by the present author in [108]:

(4.86)

the Korteweg-de Vries system (4.80) can be rewritten in the form (see [108])

(4.87)

the Hamiltonian H being quadratic:

(4.88)

(4.89)

where Mij(t) is the Poisson structure generated by the Kac-Moody algebra
The  second  non-homogeneous  Poisson  structure  of  hydrodynamic  type  for  the  KdV  system  (4.80)  is

compatible with the first one, but it is degenerate and has the form:

(4.90)

where the metric gij(w) is degenerate. The Poisson structure (4.90) is associated with the Gardner-Zakharov-
Faddeev  Poisson  bracket  for  the  KdV equation  and  is  generated  by  the  three-dimensional  nilpotent  non-
Abelian  Lie  algebra  G0,  a  non-cohomologous  to  zero  2-cocycle  and  a  degenerate  invariant  symmetric
bilinear  form  on  this  Lie  algebra.  The  Lie  algebra  G0  is  the  Lie  algebra  of  type  2  in  the  Bianchi
classification  of  three-dimensional  Lie  algebras  (see  [37])  and  it  is  well  known  that  any  nilpotent  non-
Abelian Lie algebra always contains a subalgebra isomorphic to G0. 

Correspondingly, the second Hamiltonian representation for the KdV system (4.80) has the form:

where H is a quadratic Hamiltonian:
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(4.91)

It  is  curious  that  the  KdV  system  (4.80)  has  no  other  first  integrals  of  hydrodynamic  type  except  the
Hamiltonians (4.88) and (4.91).

4.3.4
Reciprocal transformations and non-homogeneous systems of hydrodynamic type

Let  us  consider  one  more  non-homogeneous  system  of  hydrodynamic  type  which  was  integrated  by
Calogero in [14]. Recently, this system arose independently in the paper of Ganzha [61] in the study of non-
homogeneous  hydrodynamic  type  systems  which  have  constant  characteristic  velocities  and  possess  a
higher first-order conservation law:

(4.92)

where ai ≠ aj for i ≠ j, i, j=1,…, N.
Proposition 4.2 By a reciprocal transformation and changes of variables the system (4.92) reduces to a

homogeneous  diagonal  semi-Hamiltonian  system  of  hydrodynamic  type  which  can  be  integrated  by  the
generalized hodograph method. 

First of all, we introduce the new field variables wi(x):

Then the system (4.92) assumes the following form:

(4.93)

Let  us  consider  the  so-called  reciprocal  transformations  for  the  system  (4.93)  or,  in  other  words,
transformations of independent variables x and t of the form

(4.94)

(4.95)

where
Here wi(x, t) are arbitrary solutions of the system (4.93) and are the densities of conservation laws and

corresponding fluxes (4.95) of the system (4.93), respectively.
We consider the following two conservation laws of the system (4.93):

1.
2. Using the relations
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after the corresponding reciprocal transformation (4.94), (4.95) we obtain the following non-homogeneous
system of hydrodynamic type:

(496)

After elementary transformations

and

we obtain a diagonal semi-Hamiltonian homogeneous system of hydrodynamic type which is integrated by
the generalized hodograph method according to Tsarev’s Theorem 4.6 ([163], [166]):

(4.97)

4.4
Killing-Poisson bivectors on spaces of constant Riemannian curvature and bi-

Hamiltonian structure of the generalized Heisenberg magnets

4.4.1
Non-local non-homogeneous Poisson brackets of hydrodynamic type

Let us consider now non-local non-homogeneous one-dimensional Poisson structures of hydrodynamic type

(4.98)

For any Hamiltonian of hydrodynamic type, Poisson structures of the form (4.98) also always generate non-
homogeneous systems of hydrodynamic type.

Lemma  4.5  The  expression  (4.98)  defines  a  Poisson  structure  if  and  only  if  it  is  the  sum  of  two
compatible  Poisson  structures,  namely,  a  non-local  Poisson  bracket  of  hydrodynamic  type  (4.36)  and  a
classic Poisson bivector ωij(u) on a manifold, that is, an ultralocal Poisson bracket

(4.99)

The conditions of compatibility for these two Poisson brackets have the form
(4.100)

where
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(4.101)

In Lemma 4.5 non-degeneracy of the metric is not assumed.
Lemma 4.6 If the metric gij in (4.98) is non-degenerate, then the conditions of compatibility (4.100) and

(4.101) can be rewritten in the form:
(4.102)

(4.103)

where is the covariant derivative generated by the metric gij.
Theorem 4.11 The Poisson structures (4.36) and (4.99) are compatible if and only if ωij(u) is a Killing

Poisson bivector on a manifold (M, gij) of constant Riemannian curvature K.
Theorem  4.12  For  N=2  the  tensor  ωij(u)  is  a  Killing  Poisson  bivector  on  the  manifold  (M,  gij)  of

constant Riemannian curvature K if and only if in the canonical coordinates (u1, u2) (see (4.43))

(4.104)

where c is an arbitrary constant.
Each Killing Poisson bivector ωij(u) on the manifold (M, gij) of constant Riemannian curvature K defines

a pair of compatible Poisson structures

(4.105)

(4.106)
generating the integrable hierarchy of N-component Heisenberg magnets

(4.107)
where S=(S1,…, SN+1), and [·, ·] is the commutator in a corresponding (N+1)-dimensional Lie algebra.

4.4.2
The Heisenberg magnet and non-local Poisson structure of hydrodynamic type

The classic Heisenberg magnet corresponds to the case of the two dimensional sphere (N=2). For the sphere

in the coordinates of stereographic projection

where
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the metric has the form

The non-local Poisson structure (4.105) generated by the metric has the form

(4.108)

According  to  Theorem  4.12  the  unique  (up  to  a  constant  factor)  Killing-Poisson  bivector  on  the  two-
dimensional sphere has the following form in these coordinates:

(4.109)

Now, following the usual bi-Hamiltonian scheme and applying the recursion operator

to the system of translations with respect to x, we obtain the sys tem

or

(4.110)

which coincides with the classic equations of a Heisenberg magnet

The corresponding bi-Hamiltonian representation has the form

(4.111)

where

(4.112)

4.4.3
Killing—Poisson bivectors on spaces of constant Riemannian curvature

The bivector (4.109) is a result of the restriction of the Lie-Poisson bivector

(4.113)
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defined in Euclidean space with coordinates S1, S2, S3, to the two dimensional sphere.
In the paper [137] the present author and Ferapontov found a general description for all Killing-Poisson

bivectors on spaces of constant Riemannian curvature. Here we mention these results for an N-dimensional
sphere. Let  be structural constants of some (N+1)-dimensional Lie algebra

such that the following relations are satisfied:
(4.114)

that is, this Lie algebra is equipped with an invariant scalar product

which has the standard Euclidean form in the chosen coordinate system:

We consider the skew-symmetric Lie-Poisson bivector

and restrict it to the N-dimensional sphere

Because of the relations (4.114) this restriction is possible. We shall present the explicit form of the bivector
ωab,  a,  b=1,…,  N,  obtained  by  restricting  the  Lie-Poisson  bivector  to  the  N-dimensional  sphere  in  the
coordinates u1,…, uN of stereographic projection

(4.115)

(4.116)

The bivector ωab is a Killing-Poisson bivector on the N-dimensional sphere. This follows from the fact that
Ωij  is  a  Killing-Poisson bivector  of  the  enveloping Euclidean space equipped with  the  corresponding flat
connection.  Moreover,  any  Killing-Poisson  bivector  on  an  N-dimensional  sphere  can  be  obtained  by  the
described  construction  from  a  certain  Lie  algebra  equipped  with  an  invariant  Euclidean  scalar  product
[137]. In particular, the Killing-Poisson bivector (4.109) on a two-dimensional sphere is connected with the
Lie algebra so(3).

Compatible Poisson structures defined by Killing-Poisson bivectors on an N-dimensional sphere generate
the  hierarchy  of  generalized  Heisenberg  magnets  (4.107)  for  the  corresponding  (N  +  1)-dimensional  Lie
algebra equipped with an invariant Euclidean scalar product.
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4.5
Homogeneous Poisson structures of differential-geometric type

4.5.1
General Homogeneous Poisson brackets of arbitrary orders

In [35] Dubrovin and Novikov introduced homogeneous differentialgeometric Poisson brackets of arbitrary
order n as  a  natural  generalization of  Poisson structures of  hydrodynamic type and posed the problem of
classifying these brackets.  In the one-dimensional  case homogeneous non-degenerate Poisson brackets  of
differentialgeometric type have the form:

(4.117)

where each term has degree of homogeneity n with respect to the natural grading

For n=0 we obtain the classic finite-dimensional Poisson structures gij(u) on a manifold M and the case n=1
corresponds to homogeneous Poisson structures of hydrodynamic type.

The Dubrovin-Novikov structures (4.117) define different curious geometries on manifolds M with local
coordinates u1,…, uN: under local changes of coordinates the coefficient gij(u) is transformed as a metric on
M (which is symmetric for any odd n and skew-symmetric for any even n), and the coefficients

are transformed like Christoffel symbols of differential-geometric connections on M. At present, a complete
classification of homo geneous Poisson brackets of differential-geometric type (4.117) has been obtained only
in the following cases: n=0 (Darboux), n=1 (Dubrovin and Novikov, [34]), n=2 (Potemin, [157]; Doyle, [26]).
In  [157]  and  [26]  the  case  n=3  is  partially  investigated  but  a  complete  classification  is  not  obtained.
Moreover, no system of equations was found that arises in applications and possesses such homogeneous
Poisson structures of order n>1. Later the first examples of such homogeneous Poisson structures for some
important  non-linear  systems  (such  as  the  equations  of  associativity  and  the  Monge-Ampère  equations)
were found in [50], [139].

In  [145]  Novikov  formulated  the  following  conjecture:  for  any  n>0  the  last  connection  in  (4.117)  is
symmetric and its curvature tensor vanishes, that is, the connection is flat. This conjecture of Novikov was
proved in [157], [26] for arbitrary n.

We present briefly here the results of the study of general Dubrovin-Novikov structures. 
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4.5.2
Homogeneous Poisson brackets of the second order

Let us consider homogeneous differential-geometric Poisson brackets of the second order:

(4.118)

We introduce the coefficients and by the following relations:
(4.119)

The connection must  be compatible with the skew-symmetric  metric  gij(u),  that  is,  we have a symplectic
connection  on the almost symplectic manifold (M, gij) with the almost symplectic structure gij, and
the connection  must be flat, with

In special coordinates,  in which =0 (flat coordinates of the connection , the relation is also
always satisfied, that is, in these coordinates the Poisson bracket has the form:

(4.120)

Proposition 4.3 ([157]) The expression (4.120) defines a Poisson bracket if and only if the relations
(4.121)

(4.122)

(4.123)
are satisfied. 

We can show that in this case the torsion tensor

is absolutely skew-symmetric.
Theorem 4.13 ([157], [26]) In special coordinates we have

(4.124)
where Tijk=const,= =const, and the Poisson bracket (4.120) has the form:

(4.125)

The arbitrary constants Tijk=const, =const, which are skewsymmetric with respect to any pair of indices,
define the Poisson bracket according to formulae (4.124), (4.125).

Homogeneous differential-geometric Poisson structures of  the second order reduce to a partial  class of
local symplectic structures of zero order, which were completely studied in Section 2.1.3. In fact, after the
transformation the Poisson bracket (4.125) becomes a local Poisson bracket of zero order:

where
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is a symplectic structure of the form (2.21).
We introduce the 2-form Ω=gij(u) dui Λ duj.
Theorem  4.14  ([158])  A  homogeneous  Poisson  bracket  of  the  second  order  (4.118)  reduces  to  the

constant form if and only if dΩ=0 (or, what is equivalent, if the torsion tensor vanishes =0).
We note that

4.5.3
Homogeneous Poisson brackets of the third order

Now let us consider the homogeneous Poisson brackets of the third order:

(4.126)

Since the last connection in (4.126) is flat [157], [26], it follows that there exist special local coordinates on
M in which

In the special coordinates the relations
(4.127)

are always satisfied.
Conjecture. Apparently, for any n>0 there exist local coordinates in which the coefficient of δ(x−y) in the

homogeneous  differential-geometric  Poisson  bracket  (4.117)  of  order  n  vanishes;  at  least  this  is  true  for
n=1, 2, 3.

In the special coordinates, the Poisson bracket of the third order (4.126) has the form

(4.128)

Theorem 4.15 ([157]) The expression (4.128) defines a Poisson bracket if and only if the relations (4.129)
(4.135) are satisfied:

(4.129)

(4.130)

(4.131)

(4.132)

(4.133)
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(4.134)

(4.135)

where

(4.136)

and Σ(m,n,p) means summation over all cyclic permutations of the elements (m, n, p),
The  conditions  (4.129)–(4.135)  are  considerably  simpler  for  differential-geometric  objects  with  lower

indices:

(4.137)

(4.138)
(4.139)

(4.140)

(4.141)

where

(4.142)

Theorem 4.16 ([157], [26]) In the special coordinates

(4.143)

that is,
(4.144)

where cmnkl and are constants and the metric with lower indices is quadratic:
(4.145)

where gmnpq, gmnp and are constants.
In  the  special  coordinates  the  values  cmnp(u)  coincide,  up  to  a  constant  factor,  with  the  values  of  the

torsion tensor with lower indices for the connection

which is compatible with the metric gij. The torsion tensor cmnp satisfying relations (4.137)–(4.141) and the
constant matrix completely define the non-degenerate homogeneous differential-geometric Poisson bracket
of the third order (4.126). The complete classification of these Poisson brackets has not yet been found. It
would  be  interesting  to  elucidate  the  algebraic  nature  of  the  structural  constants  which  define  non-
degenerate  ho  mogeneous  differential-geometric  Poisson  brackets  of  the  third  order.  Possibly  they  are
connected with well-known algebraic structures, but this problem has not yet been solved. We note that in
the papers [157], [158], [26] the following curious fact was not noticed.
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Proposition 4.4 In the special coordinates any homogeneous Poisson structure of the third order (4.128)
has the form:

The proof follows from relations (4.129), (4.130), and (4.133).
Correspondingly,  after  the  transformation  the  Poisson  structure  (4.128)  is  transformed  to  a  Poisson

structure of the first order. Namely:

Moreover, it is necessary to describe all first-order Poisson structures of the form

After the transformation all these Poisson structures become homogeneous Poisson structures of order 2n
+1. In this connection the conjecture of the present author is the following: all non-degenerate homogeneous
Poisson structures reduce in this way either to Poisson structures of zero order (for structures of even order)
or to Poisson structures of the first order (for structures of odd order). At least for n=0, 1, 2, 3 this is true. If
the conjecture is true, then from the description of all non-degenerate zero-order Poisson structures, which
was obtained in Section 2.1.4, it follows that all homogeneous Poisson structures of even order (not equal to
2) can be reduced to a constant form by a local change of coordinates on the manifold.

Theorem 4.17  ([157],  [26])  A non-degenerate homogeneous differential-geometric Poisson bracket (4.
126) of the third order can be reduced by local changes of coordinates on the manifold M to the constant
form

(4.146)
where if and only if the connection

has a zero torsion tensor, that is, it is symmetric (this is equivalent to the condition that the last connection
is compatible with the metric gij(u)). 
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5
Equations of associativity in two-dimensional topological
field theory and non-diagonalizable integrable systems of

hydrodynamic type

5.1
Equations of associativity as non-diagonalizable integrable homogeneous systems of

hydrodynamic type

Let us consider a function of N variables F(t1,…, tN) such that the following two conditions are satisfied.

1. The matrix

is constant and non-degenerate.
Note  that  the  matrix  ηαβ  defines  the  dependence  of  the  function  F  on  the  fixed  variable  t1  (up  to

quadratic polynomials in the variables t1,…, tN).
2. For any t=(t1,…, tN) the functions

define the structure of an associative algebra A(t) in N-dimensional linear space with basis e1,…,  eN
and multiplication

The condition of associativity

which is equivalent to the relation

for the structural constants of the algebra A(t), results in a complicated overdetermined system of non-linear
third-order  partial  differential  equations  for  the  function  F.  This  system  is  known  in  two-dimensional
topological  field  theory  as  the  equations  of  associativity  or  the  Witten  Dijkgraaf  H.Verlinde  E.Verlinde
Dubrovin  system  (see  [174],  [175],  [17],  [30];  all  necessary  physical  motivations  and  the  theory  of
integrability of the equations of associativity can be found in the survey of Dubrovin [29]):

(5.1)



Note that the equations of associativity (5.1) also play one of the key roles in the theory of Gromov-Witten
invariants,  which  is  being  developed  at  present,  the  theory  of  quantum  cohomology,  and  some  classic
problems  of  algebraic  geometry,  in  particular,  in  the  problem  on  the  number  n(d)  of  rational  curves  of
degree d on the projective plane P2 that pass through 3d − 1 generic points or, in the more general case, on
the number n(d; k2,…, kr+1) of rational curves of degree d in projective space Pr+1 that cross ks hyperplanes
of codimension s such that

(Ruan and Tian [161], Kontsevich and Manin [79], Kontsevich [78]).
The  variable  t1  in  the  equations  of  associativity  (5.1)  is  an  initially  fixed  variable  and,  according  to

condition 1, the assignment of an arbitrary constant non-degenerate symmetric matrix ηαβ for the function F
simply determines the dependence of this function on the variable t1 (by virtue of its definition the function
F is always considered up to quadratic polynomials in the variables t1,…, tN):

Correspondingly, for the given metric ηαβ the equations of associativity are equivalent to a system of non-
linear partial differential equations for the function f(t2,…, tN). 

From condition 2 it follows immediately that multiplication in the algebra A(t) is commutative, and from
condition 1 it follows that the element e1 is always a unit in the algebra A(t):

Thus, for any t the algebra A(t) is a commutative associative algebra with a unit. Moreover, the algebra A(t)
is equipped with a non-degenerate symmetric bilinear form

that is invariant with respect to multiplication in the algebra, that is,

A finite-dimensional commutative associative algebra possessing a unit and equipped with a non-degenerate
invariant  symmetric  bilinear  form  is  called  a  Frobenius  algebra.  Consequently,  the  equations  of
associativity (5.1) describe N-parametric deformations of N-dimensional Frobenius algebras.

The first equations of associativity arise for N=3. For N=3 the following two essentially different types
of dependence of the function F on the fixed variable t1 were considered by Dubrovin in [29]:

which corresponds to the antidiagonal metric

and
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which corresponds to the metric with the same signature but of the form

The corresponding equations of associativity reduce to the following two non-linear equations of the third
order for the function of two independent variables f=f(x,  t)  (henceforth,  everywhere we use the notation
x=t2, t=t3):

(5.2)

(5.3)
respectively.  Equation  (5.2),  which  will  be  the  main  object  under  investigation  in  Section  5,  describes
quantum cohomology,  namely,  the  deformations  of  the  cohomology  ring  of  the  projective  plane  P2.  The
solution of the problem on the number n(d) of rational curves of degree d on P2 which pass through 3d−1
generic points, as Kontsevich showed, is also connected with equation (5.2). Let us consider the series

This  series  must  satisfy  the  associativity  equation  (5.2),  whence  Kontsevich’s  recursion  relations  for  the
numbers n(d) are obtained (see [78], [79], [161]): n(l)=1, and for d ≥ 2

Generalizations  of  this  problem  to  projective  spaces  of  arbitrary  dimensions  and  other  varieties  are  also
always connected with the equations of associativity describing the deformations of cohomology rings of
the corresponding manifolds [78], [79], [161].

Theorem 5.1  ([124],  [126])  Equations  (5.2)  and (5.3)  are  equivalent  to  integrable  non-diagonalizable
homogeneous systems of hydrodynamic type

(5.4)

(5.5)

respectively.
We introduce the new variables

The compatibility conditions have the form
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Moreover, equations (5.2) and (5.3) are equivalent to the relations

and

respectively.  Thus,  in the new variables equations (5.2) and (5.3),  as the present author showed in [124],
[125], become homogeneous 3×3 systems of hydrodynamic type:

(5.6)

(5.7)

respectively.
For  second-order  partial  differential  equations  (which  are  of  Monge-Ampère  type)  a  similar

transformation  always  results  in  a  two-component  system  of  hydrodynamic  type.  Any  two-component
system of hydrodynamic type can always be linearized, as is well known, by the classic hodograph method.
In  particular,  in  [140]  the  present  author  and  Nutku  considered  the  classic  hyperbolic  Monge-Ampère
equation

which reduces to the integrable system of Chaplygin gas equations

by the transformation

The main advantage of representing the equations of associativity in the form (5.6), (5.7) is the presence of
an  effective  and  elaborate  theory  of  integrability  of  one-dimensional  homogeneous  systems  of
hydrodynamic type, which were considered here in Section 4, that is, systems of the form

(see,  for  example,  the  surveys  of  Tsarev  [166],  Dubrovin  and  Novikov  [36],  and  also  the  papers  of
Ferapontov  [42]–[45],  which  are  devoted  to  non-diagonalizable  systems  of  hydrodynamic  type).
Everywhere in the present paper we consider only strictly hyperbolic systems, that is, systems for which the
eigenvalues of the corresponding matrices are real and distinct. In particular, both the investigated systems
(5.6) and (5.7) are strictly hyperbolic.

The investigation made by the present author in [124], [125] showed that both these systems (5.6) and (5.
7) are non-diagonalizable (that is they do not possess Riemann invariants). This simple fact was verified in
different  ways.  In  particular,  it  was  proved  that  the  assumption  on  diagonalizability  of  the  matrix  of  the
systems (5.6) and (5.7) leads to a contradiction after explicit analytical calculations. Moreover, there is an
effective criterion for diagonalizability found by Haantjes [76].
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Let be an affinor, that is, a tensor of type (1,1) on a manifold M with local coordinates (u1,…, uN). By
the Nijenhuis tensor [141], [142] we mean the trivalent tensor which is the curvature tensor of the affinor

For an arbitrary vector field ξi(u) on the manifold M, we have

where Lξ is the Lie derivative along the vector field ξ(u).
A Nijenhuis affinor is an affinor such that its Nijenhuis tensor vanishes. In particular, any recursion operator

defined by the quotient of two  compatible Poisson structures (according to the Lenard-Magri scheme, see
Section 2.1.6) is always a Nijenhuis affinor. The Nijenhuis tensor, which at present plays a very important
role  in  the  theory  of  integrable  systems,  in  particular,  in  the  theory  of  recursion  operators,  the  theory  of
compatible  Poisson structures,  and the Lenard-Magri  scheme (see [55],  [58],  [59],  [67],  [68],  [80],  [90]),
was  invented  in  an  attempt  to  find  a  criterion  for  diagonalizability  of  the  matrix   [141].  Later,  the
corresponding criterion was found by Haantjes [76].

We introduce the Haantjes tensor

If  all  the  eigenvalues  of  the  tensor  are  real  and  distinct,  then  the  tensor  can  be  diagonalized  in  a
neighbourhood of a point on the manifold if and only if its Haantjes tensor vanishes [76]. This criterion leads
to huge calculations but all these calculations can be made by computer with the use of programs of symbol
calculations. It has been checked that for the matrices of systems of hydrodynamic type (5.6) and (5.7) the
Haantjes tensors are not equal to zero. Moreover, non-diagonalizability of the systems (5.6) and (5.7) follows
from the fact that, as will be shown below, for the left eigenvectors ξ(s)(u):

of the matrices  of these systems the Frobenius condition for the existence of an integrating multiplier

is not fulfilled.
As  Dubrovin  noticed  [30],  the  equation  of  associativity  (5.1)  is  connected  with  the  following  spectral

linear problem:

In fact, for this linear system the compatibility conditions have the form

that is, they are equivalent to the equations of associativity (5.1) for the structural constants defined by the
function F(t1,…, tN).

We  consider  the  system  (5.6)  in  more  detail  (we  follow  here  to  the  paper  of  the  present  author  and
Ferapontov [138]). In our “hydrodynamical” variables a, b, c the spectral problem can be rewritten in the
following form:
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(5.8)

The  compatibility  conditions  for  the  spectral  problem (5.8)  are  equivalent  to  the  following  two  relations
between the matrices A and B:

(5.9)

which  are  identically  satisfied  by  virtue  of  equations  (5.6)  (here  [  ·,  ·]  means  the  usual  commutator  of
matrices).

Lemma 5.1 ([138]) The eigenvalues of the matrix A are densities of conservation laws of the system (5.6).
Thus, besides three evident conservation laws with the densities a, b, c,  the system (5.6) also has three

conservation laws with the densities u1, u2, u3, which are roots of the characteristic equation

By virtue of the obvious relation a=u1+u2+u3, there are only five conservation laws among them with the
densities  u1,  u2,  u3,  b,  c  that  are  linear  independent.  The  system (5.6)  has  no  other  conservation  laws  of
hydrodynamic type, that is, with densities of the form h(a, b, c).

In equations (5.6) we change from the “hydrodynamical” variables a, b, c to new dependent variables u1,
u2, u3, which are connected with a, b, c by the Vieta formulae

To shorten the necessary calculations we note that the matrices A and B are connected by the relation

Consequently,  the  same  relation  is  valid  for  the  corresponding  diagonal  matrices  U=diag(u1,  u2,  u3)  and
V=diag(v1, v2, v3):

Substituting the expressions for a and b and using the first equation of system (5.9), we obtain:

or, in components,

(5.10)

where h=c=u1u2u3.
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Hence, the system under consideration is Hamiltonian with the Hamiltonian operator

(5.11)

and the Hamiltonian

The  density  of  momentum and  the  annihilators  of  the  corresponding  Poisson  bracket  have  the  following
form:

In the initial variables a, b, c the Hamiltonian operator (5.11) has the form

(5.12)

that is, it defines a non-degenerate homogeneous Poisson structure of hydrodynamic type with a flat metric
(a Dubrovin-Novikov bracket). In the papers of Tsarev [163], [166] an effective theory of integrability of
diagonalizable  Hamiltonian  systems  of  hydrodynamic  type,  that  is,  Hamiltonian  systems  which  can  be
reduced to Riemann invariants:

was  constructed.  All  these  systems  have  infinitely  many  conservation  laws  and  commuting  flows  of
hydrodynamic type and can be integrated by the generalized hodograph method. However, as was shown
above, the system (5.6) does not possess Riemann invariants. This explains, in particular, the fact that the
system  (5.6)  has  only  finitely  many  conservation  laws  of  hydrodynamic  type.  The  general  theory  of
integrability of non-diagonalizable Hamilto nian systems of hydrodynamic type (that is, systems which do
not possess Riemann invariants) was developed in the papers of Ferapontov [42]–[45]. For three-component
systems final results were obtained. 

Theorem 5.2 ([43], [44]) A non-diagonalizable Hamiltonian (with non-degenerate Poisson bracket) 3×3
system of hydrodynamic type is integrable if and only if it is linearly degenerate.

We recall that a system of hydrodynamic type
(5.13)

is called linearly degenerate if for the eigenvalues λi(u) of the matrix  for any i=1,…, n the relations
where  is  the  Lie  derivative  along the  eigenvector  corresponding to  the  eigenvalue  λi,  are  satisfied.  There
exists  a  simple  and  effective  criterion  for  linear  degeneracy  that  does  not  appeal  to  eigenvalues  and
eigenvectors [43].

Proposition 5.1 ([43]) A system of hydrodynamic type (5.13) is linearly degenerate if and only if
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where fi are the coefficients of the characteristic polynomial

and vn denotes the n-th power of the matrix (E=v0).
It is easy to check that the system (5.6) is linearly degenerate.
For the system (5.10) under consideration the eigenvalues λi and the left eigencovectors corresponding to

them have the form:

whence by virtue of the Frobenius criterion it follows that this system is non-diagonalizable (the Frobenius
condition for the existence of an integrating multiplier is not satisfied). 

Let B(u)dx+A(u)dt and N(u)dx+M(u)dt be two conservation laws of hydrodynamic type for a system of
hydrodynamic  type  (5.13),  that  is,  the  differential  forms  are  closed  along  solutions  of  this  system.  We
change from the variables x, t to new independent variables with the help of the following relations (these
transformations are called reciprocal transformations)

(5.14)
Then the system (5.13) is transformed to the form

where the matrix is connected with the matrix v by the relation

Theorem  5.3  ([43],  [44])  If  a  3×3  system  of  hydrodynamic  type  (5.13)  is  linearly  degenerate  and
Hamiltonian  (with  non-degenerate  Poisson  bracket  of  hydrodynamic  type),  then  there  exists  a  pair  of
conservation  laws  (5.14)  of  this  system  such  that  the  corresponding  transformed  system  has  constant
eigenvalues moreover, without loss of generality we can assume that

For the system (5.10) the transformation (5.14), the existence of which is established by this theorem, has
the following form:

(5.15)

The transformed eigenvalues are equal to 1, −1, 0, respectively. In the papers of Ferapontov [43], [44] it is
proved  that  any  nondiagonalizable,  linearly  degenerate,  and  Hamiltonian  (with  non-degenerate  local
Poisson structure of hydrodynamic type) homo geneous 3×3 system of hydrodynamic type reduces to the 3-
wave system, which is integrated by the inverse problem method, by a reciprocal transformation of type (5.
14) and a differential substitution of the first order. Applying this general construction of Ferapontov to our
system  (5.10),  we  obtain  the  following  explicit  relations  connecting  equations  (5.10)  and  the  3-wave
system. 
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1. The change from x, t to the new independent variables according to (5.15).
2. The change of the field variables from u1, u2, u3 to p1, p2, p3 according to the following relations:

(5.16)

Then we obtain the integrable 3-wave system

(5.17)

Any solution of the integrable 3-wave system (5.17) generates a three-parameter family of solutions of the
equations of associativity (5.2).

Let  us  turn  to  another  system  of  equations  of  associativity,  namely,  to  the  system  (5.7).  The  spectral
problem corresponding to the system (5.7) has the form

(5.18)

It is easy to verify that the matrix B is related to A by

The compatibility condition of the spectral problem (5.18)

rewritten in terms of the eigenvalues of the matrices A and B (see Lemma 5.1), has the form

(5.19)

where wi are the eigenvalues of the matrix A, that is, the roots of the characteristic equation

Expressing a and b by the Vieta formulae

and  substituting  these  expressions  in  (5.19),  we  obtain  the  explicit  representation  of  equations  (5.7)  in
coordinates wi:
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(5.20)

We note that the integrable systems of hydrodynamic type (5.7) and (5.20) do not possess local Hamiltonian
structures of hydrodynamic type (Poisson brackets of Dubrovin-Novikov type). Hamiltonian structures of
hydrodynamic type corresponding to them are non-local (see Section 4.2).

We exhibit now the explicit relation between the systems (5.10) and (5.20). For this reason in equations
(5.10) we change from x, t to the new independent variables according to the following relations:

(5.21)

After the transformation (5.21) the system (5.10) has the form

which, as is easy to see, coincides with (5.20) after the transformation

(5.22)

In terms of the initial equations (5.2) and (5.3) the transformations (5.21) and (5.22) can be represented in
the following way: the equation

is transformed into the equation

under the transformation
(5.23)

This transformation connecting solutions of the equations of associativity (5.2) and (5.3) is similar in form
to  the  autotransformations  of  the  associativity  equations  which  were  found  by  Dubrovin  [29]
(transformations of Legendre type) but, in contrast to them, they do not preserve the metric ηαβ.

Note that, considering solutions of the system (5.10), which are linear with respect to the variable x:

we obtain a reduction of the system (5.10) to the well-known finitedimensional dynamical Halphen system

(5.24)

5.2
Poisson and symplectic structures of the equations of associativity

For the system of equations of associativity (5.4) the first Poisson structure generated by a flat metric was
presented above in Section 5.1 [138]:
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(5.25)

and the corresponding Hamiltonian of hydrodynamic type is

The second Poisson structure of this system, which is compatible with the first one, is constructed from a
Lagrangian  found  for  equation  (5.2)  by  Galvão  and  Nutku.  It  is  a  homogeneous  differential-geometric
Poisson structure of the third order (Dubrovin-Novikov type) with a flat metric, and this Poisson structure
cannot be reduced to a constant form by a local change of coordinates on the manifold [50]:

(5.26)

the Hamiltonian is non-local and has the form:

(5.27)

Further,  according  to  the  general  bi-Hamiltonian  Lenard-Magri  scheme  we  can  construct  a  recursion
operator,  to  find  higher  integrals  and  higher  equations  of  bi-Hamiltonian  integrable  hierarchy  of  the
equation of associativity (5.2) [50].

We introduce the new variables

Then the equation of associativity (5.2) is equivalent to the system of evolution equations

(5.28)

for which Galvão and Nutku found a Lagrangian representation defined by the local action

90 O.I.MOKHOV



(5.29)

For the initial variable f the action generating the equation of associativity (5.2) has the form

The system (5.28) is equivalent to the Lagrangian system

(here  u1=p,  u2=q,  u3=r).  The  action  (5.29)  is  degenerate  and  belongs  to  the  class  of  actions  (2.104)
considered  in  Section  2.3,  and  generating  local  symplectic  structures  of  the  corresponding  Lagrangian
systems.  The  symplectic  operator  corresponding  to  the  action  (5.29)  can  be  calculated  by  the  general
explicit formula (2.106) and has the form:

(5.30)

And correspondingly, the Hamiltonian of the symplectic representation (2.105) for the system (5.28) has the
form

The operator Jij, which is inverse to the operator Mij, is Hamiltonian:

(5.31)

The Poisson structure  (5.31)  is  non-local,  but  it  is  easy to  change to  variables  in  which this  Hamiltonian
representation of the equation of associativity (5.2) is local, that is, the Poisson structure, the Hamiltonian,
and the momentum, are all local. In fact, in the new variables vi:

the equation of associativity (5.2) is equivalent to the evolution system

(5.32)

which has the following local Hamiltonian representation:
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where the Hamiltonian H has the form

The momentum P of the Poisson structure of the system (5.33) is also local:

We change now to our “hydrodynamical” variables a, b, c:

In these variables the Hamiltonian and the momentum become non-local but, on the other hand, the Poisson
structure (5.31) in these variables is a homogeneous matrix differential operator of the third order (5.26),
that  is,  we  obtain  a  non-trivial  example  of  a  system  of  equations  which  possesses  a  homogeneous
differential-geometric  Poisson  structure  of  the  third  order.  It  is  interesting  that  the  “hydrodynamical”
variables  a,  b,  c  are  special  coordinates  for  this  Poisson  structure,  that  is,  in  these  coordinates  the  last
connection  vanishes  (see  Section  4.5).  According  to  the  Potemin-Doyle  criterion,  which  is  presented  in
Section 4.5,  the  Poisson structure  (5.26)  cannot  be  reduced to  constant  form (4.146)  by local  changes  of
coordinates,  since  the  last  connection  is  not  compatible  with  the  metric  gij  of  this  Poisson  structure.  The
metric gij is quadratic in the special coordinates:

(5.34)

It is interesting that the metric gij is flat. By a local change of variables

the metric with lower indices
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(5.35)

which is linear in the “hydrodynamical” variables a, b, c, reduces to the constant form

(5.36)

The Poisson structure (5.26) possesses non-local momentum

(5.37)

and non-local Casimir functionals, that is, functionals Ck whose variational derivatives belong to kernel of
the Poisson structure:

(5.38)

(the variables a, b, c are also the annihilators, that is, densities of Casimir functionals for the Poisson structure
(5.26)).

As is shown above, the Poisson structure (5.26) cannot be reduced to a constant form by local changes of
coordinates. In this case, in order to reduce the Poisson structure (5.26) to a constant form, it is necessary to
choose as new variables wi the densities of the non-local Casimir functionals Ck. This change is realized by
a differential substitution of the second order:

In the Casimir variables wi the Poisson structure (5.26) becomes constant:

(5.39)

and the equation of associativity (5.2) becomes a canonical Hamiltonian system of diffusion type

(5.40)

with the Poisson structure (5.39) and the local Hamiltonian
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Theorem 5.4 ([50]) The Poisson structures (5.25) and (5.26) are compatible and define the bi-Hamiltonian
structure of the equations of associativity (5.2).

The proof consists in checking by direct calculations the Jacobi identity for the sum of the local Poisson
structures  (5.25)  and  (5.26)  (these  caleulations  are  also  verified  with  the  use  of  the  program  of  symbol
calculations REDUCE).

Thus, for the equation of associativity (5.2), the recursion operator R=M2(M1)−1 generating a hierarchy of
the  equation  (5.2)  and  raising  the  orders  of  higher  commuting  flows  from  the  hierarchy  and  higher
conservation  laws  is  constructed.  In  the  next  section  we  consider  the  first  higher  conservation  laws  of
equation (5.2) [50]. It turns out that the conservation laws are non-degenerate and we can apply the theorem
on canonical Hamiltonian finite-dimensional reduction to a stationary manifold of non-degenerate integrals
of a system [100], [104], [112] to the equation of associativity (5.2).

We  present  here  one  more  example,  which  was  found  by  the  present  author  and  Nutku,  of  a  system
arising in applications and possessing a homogeneous Poisson structure of the third order. This is the system
of the Chaplygin gas equations

(5.41)

which we have already considered above and which is connected by the transformation

with the hyperbolic Monge-Ampère equation:

In Section 4 we considered three local and one non-local compatible Poisson structures of hydrodynamic
type for the system of the Chaplygin gas equations. Here we exhibit a homogeneous Poisson structure of the
third order for this system [139]. In Section 2.3.3 we presented local symplectic and Poisson structures for
the Monge-Ampère equation. The Monge-Ampère equation rewritten in the form of the system

possesses the Poisson structure

and the Hamiltonian

We introduce more convenient “hydrodynamical” variables

in which the Chaplygin gas equations have the form:
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The  Poisson  structure  of  the  Monge-Ampère  equation  is  transformed  into  the  homogeneous  Poisson
structure of the third order for the Chaplygin gas:

The variables a, b are special for this homogeneous Poisson structure (the last connection vanishes):

The metric

is a flat metric but according to the Potemin-Doyle criterion this Poisson structure cannot be reduced to a
constant form by a local change of coordinates on the manifold (otherwise it would be a constant structure
in the special coordinates). We show that the metric is flat:

Thus, by the local change of variables

the metric gij reduces to a constant form

The Poisson structure reduces to a constant form with the help of a differential substitution of the second
order. In fact, the non-local functionals

(5.42)
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are Casimir functionals for the Poisson structure. Choosing as new variables the densities of two first Casimir
functionals, we obtain

or

In the variables (v1, v2) the Poisson structure becomes constant:

Let  us  return  to  the  equations  of  associativity.  In  the  general  case,  for  an  arbitrary  N  the  equations  of
associativity reduce to N−2 commuting evolution one-dimensional homogeneous non-diagonalizable N(N
−l)/2-component integrable systems of hydrodynamic type.

We consider in detail the case N=4 for the antidiagonal metric [51]:

(5.43)

In this case the function F has the form:

and  the  corresponding  equations  of  associativity  reduce  to  the  following  complicated  overdetermined
system:

(5.44)

where x=t2, y=t3, z=t4. 
After introducing the new variables

the system (5.44) can be rewritten as a pair of commuting 6×6 systems of hydrodynamic type:

(5.45)
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(5.46)

where we introduce the following notation:

The systems of equations (5.45) and (5.46) are connected with the following spectral problem:
(5.47)

where the matrices A, B, C are defined by the relations

(5.48)

The compatibility conditions for the spectral problem (5.47) lead to the condition of commutativity of the
matrices A, B, C:

and to the equations

which are identically satisfied by virtue of equations (5.45) and (5.46).
We consider the eigenvalues ui of the matrix A, which are the roots of the characteristic polynomial of the

fourth degree

(5.49)

The variables b, c, e, f are connected with u1, u2, u3, u4, a, d by the Vieta formulae:
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In the new variables a, u1,  u2,  u3,  u4,  d  both systems (5.45) and (5.46) can be represented in Hamiltonian
forms

(5.50)

with the Hamiltonian

and
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(5.51)

with the Hamiltonian

respectively. 
The characteristic velocities of the systems (5.45) and (5.46) are defined by the relations

and

where

respectively.
We present here also the form of the constant non-degenerate Poisson structure
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in the initial variables a, b, c, d, e, f:

(5.52)

Both the investigated systems (5.45) and (5.46) can be transformed to the integrable 6-wave system.
To conclude this section we consider a more general class of equations of associativity in which it is not

assumed that the condition 1 defining the metric ηαβ via the function F(t1,…, tN) is fulfilled, that is, now ηαβ
is an arbitrary constant non-degenerate symmetric matrix, with the help of which the indices of the structural
constants are raised and lowered. This means that we do not assume the presence of units in the associative
algebras  A(t).  As  before,  the  metric  ηαβ  defines  an  invariant  non-degenerate  scalar  product  on  the
commutative associative algebras A(t). These equations of associativity arise already for N=2 and they were
also considered by Witten in [174], [175]:

(5.53)

if
and

(5.54)

if
Theorem  5.5  ([125],  [126])  The  equations  (5.53)  and  (5.54)  are  equivalent  to  integrable  non-

diagonalizable homogeneous systems of hydrodynamic type

(5.55)
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(5.56)

respectively.
We consider in more detail here the Witten equation (5.53). Introducing, as before, the new variables

where x=t1, t=t2, we can rewrite equation (5.53) as a homogeneous system of hydrodynamic type

(5.57)

Although the system (5.57) is similar to the system (5.7) investigated above, this system (5.57) is actually
considerably  simpler:  in  the  joint  paper  of  Ferapontov  and  the  present  author  [52]  it  is  shown  that  this
system is linearized by a chain of transformations. We introduce new variables

In the variables Ri the system (5.57) has the form

(5.58)

whence it  follows that  R1  is  a  Riemann invariant  (in contrast  to  the system (5.7),  which has no Riemann
invariants). Let us consider the reciprocal transformation

(5.59)

In the variables the system (5.59) has the form

(5.60)

After the transformation (5.59) the eigenvalues of the system (5.59), which are

become constant: λ1=0, λ2=1, λ3=-1, respectively. In the joint paper of Ferapontov and the author [52] it is
shown that the system (5.60) reduces to the following form:

SYMPLECTIC AND POISSON GEOMETRY 101



(5.61)

and the variables pi and Ri are connected by the relations

(5.62)

that is, the change from Ri to pi is a differential substitution of the first order.
The system of equations (5.61) is really a linear system with the general solution

(5.63)

where is an arbitrary function of the variable and is an arbitrary solution of the linear wave equation
(5.64)

5.3
Theorem on a canonical Hamiltonian representation of the restriction of an

arbitrary evolution system to the set of stationary points of its non-degenerate
integral and its applications to the equations of associativity and systems of

hydrodynamic type

In this section we present the following absolutely general theorem: the restriction of any one-dimensional
evolution system to the stationary manifold of its non-degenerate integral is always a canonical Hamiltonian
finite-dimensional dynamical system such that its Hamiltonian is always in involution with the Hamiltonian
of  the  Lagrangian  system  for  the  stationary  points  of  the  integral  under  consideration  [100],  [104].  This
theorem  is  generalized  to  multidimensional  evolution  systems  and  systems  which  are  not
translationinvariant. Furthermore, we consider applications of this theorem to the equations of associativity
and non-homogeneous systems of hydrodynamic type, and obtain integrable canonical Hamiltonian finite-
dimensional reductions of these systems.

Conservation of the Hamiltonian property of a flow, if we restrict this flow to the set of stationary points
of a Hamiltonian flow commuting with the first one, was first noted by Novikov in [143] for the restriction
of the Korteweg-de Vries equation (KdV) to the set of stationary solutions of the higher KdV. In particular,
all finitegap solutions of the KdV equation are obtained exactly by this construction, namely, by restricting
the  KdV  equation  to  the  set  of  stationary  solutions  of  corresponding  commuting  Hamiltonian  flows  and
solving the resulting canonical Hamiltonian integrable finite-dimensional dynamical systems.

In the paper [13] (see also [32], [147]) Bogoyavlenskii and No vikov proved the following remarkable
theorem  on  the  connection  between  Hamiltonian  formalisms  of  stationary  and  non-stationary  problems:
from the commutativity of two one-component Hamiltonian flows of the following special form:
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(5.65)

(5.66)

it follows that for k < n the flow (5.66) is Hamiltonian on the set of stationary points of the flow (5.65), and
the Hamiltonian (–Qh) of the flow (5.66) on the space of solutions of the stationary equation

is defined by the following relation:

Moreover,  in  [13]  it  is  conjectured  that  this  theorem  is  also  valid  for  k  ≥  n  (generally  speaking,  for  the
proof, which is presented in [13], the relation k < n is essential) and furthermore that this statement can be
generalized to evolution equations that are Hamiltonian with respect to other constant Poisson structures of
the form

In [65], [66] Gelfand and Dikii considered the generalization of this theorem to Hamiltonian systems of Lax
type

(for systems of Lax type, which are Hamiltonian with respect to the Poisson structure of Gelfand and Dikii
and which are restricted to the set of stationary points of higher commuting flows from the corresponding
hierarchy, we note that the Lagrangian property for the corresponding stationary problem in the case of any
ordinary differential operators L and A of coprime orders was established by Veselov in [167]). After that,
the  problem  of  generalization  of  the  Bogoyavlenskii-Novikov  theorem  to  evolution  systems  that  are
Hamiltonian  with  respect  to  an  arbitrary  constant  matrix  lo  cal  Poisson  bracket  was  posed  by  Gelfand,
Manin and Shubin in the paper [71]. Furthermore, the problem on a generalization of the Bogoyavlenskii-
Novikov results and the Gelfand-Dikii results to the multidimensional case was posed by Manin (see [97], p.
12).  In  this  connection  the  question  was  always  about  restrictions  of  Hamiltonian  evolution  flows  with
concrete  fixed  infinite-dimensional  Poisson  structures.  The  Hamiltonian  property  of  the  flow  on  a
corresponding  stationary  manifold  was  induced  by  the  infinitedimensional  Hamiltonian  structure  of
commuting evolution flows,  that  is,  the  finite-dimensional  Hamiltonian structure  was  generated (it  was  a
reduction)  by  the  infinite-dimensional  structure.  All  these  theorems  and  conjectures  were  formulated  as
statements  or  assumptions  on  the  connection  between  the  corresponding  Hamiltonian  formalisms  of
stationary and non-stationary problems.

In the present author’s papers [100], [104] for the first time the Bogoyavlenskii-Novikov principle was
formulated  and  proved  for  all  Poisson  brackets.  Moreover,  it  is  interesting  that,  as  the  present  author
showed, the condition that the initial non-stationary problem is Hamiltonian is not at all essential. In [100],
[104]  the  present  author  has  formulated  and  proved  the  following  new  and  considerably  more  general
principle: any evolution system is a canonical Hamiltonian system on the set of stationary points of its non-
degenerate integral

SYMPLECTIC AND POISSON GEOMETRY 103



We recall that for any functional I the space of solutions of the Lagrangian system

is called the stationary manifold or the set of stationary points of this integral.
All  the  theorems,  conjectures,  and  assumptions  mentioned  above  (including  generalizations  to  the

multidimensional case and the case of systems that are not translation-invariant) are direct consequences of
this general principle. As Veselov showed subsequently [168] (see also [169], [170]), this general principle
is also valid for discrete systems.

We also note that  all  the preceding papers  started with two commuting Hamiltonian flows and,  in  this
case,  the  invariance  of  stationary  solutions  of  one  of  the  flows  with  respect  to  the  other  flow,  which
commutes with the first one, is obvious. This is a direct consequence of the fact that the flows commute.
Because of the Hamiltonian property of these commuting evolution flows, the problem always reduces to a
restriction of one of the flows to a stationary manifold of a corresponding non-degenerate integral. In our
formulation, for an arbitrary evolution flow the invariance of the set of stationary points of its integral is not
already  evident  by  itself.  Nevertherless,  this  is  also  an  absolutely  general  fact.  In  fact,  it  is  a  formally
algebraic statement, which does not require any functional assumptions. Here we prove this simple but very
important general lemma.

Let us consider an arbitrary multidimensional evolution system of equations
(5.67)

where

Let

(5.68)

be a first integral of the system (5.67).
Lemma  5.2  ([85])  The  set  of  stationary  points  of  the  integral  I,  that  is,  the  space  of  solutions  of  the

Lagrangian system

(5.69)

is invariant for the evolution Φow (5.67).
Proof. Let {uk(x), 1 ≤ k ≤ N} be an arbitrary solution of the Lagrangian system (5.69). We consider the

vector-function {uk(x, t)}, which is the solution of the evolution system (5.67) with the initial conditions uk

(x,  0)=uk(x).  Then,  for  arbitrary  constants  t0  and  e  and  also  for  an  arbitrary  vector-function  {wk(x)},  we
consider  the  vector-function  {uk(x,  t,  ε)},  which  is  the  solution  of  the  evolution  system  (5.67)  with  the
following initial conditions at t=t0:
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By  virtue  of  the  definition  of  variational  derivative,  for  any  functional  I  there  is  always  the  following
relation:

(5.70)

where

Since I  is  an integral  of  system (5.67),  the left-hand side of  relation (5.70)  does not  depend on t  and the
right-hand  side  vanishes  at  t=0,  since  uk(x,  t0,  0)=uk(x,  t0)  by  definition,  and  hence  uk(x,  t,  0)=uk(x,  t)  as
solutions of the evolution system (5.67) with the same initial conditions at t=t0, and uk(x, 0) is a solution of
the Lagrangian system (5.69). Thus,

(5.71)

At t=t0 the relation (5.71) assumes the form

whence, since t0 and {wk(x)} are arbitrary, it immediately follows that u(x, t) is a solution of the Lagrangian
system (5.69)  for  any  t,  that  is,  the  space  of  solutions  of  the  Lagrangian  system (5.69)  is  invariant  with
respect to the evolution flow (5.67).

It  is  important  to  note  that  Lemma  5.2  can  be  proved  in  the  framework  of  the  formal  calculus  of
variations.  In  the  present  author’s  paper  [100]  (see  also  [104])  in  1984  there  was  published  an  explicit
construction  (later  we  present  it  in  more  detail)  of  the  restriction  of  an  evolution  flow  to  the  stationary
manifold  of  its  nondegenerate  integral,  for  which  all  statements  and  formulae  were  established  in  the
framework of differential algebra and formal calculus of variations (including the statement on invariance
formulated  in  Lemma  5.2,  since  it  automatically  follows  from  the  proof  of  the  construction  presented).
Furthemore,  Lemma  5.2  immediately  follows  from  the  following  identity,  which  is  satisfied  for  any
evolution flow of the form (5.67) and any functional of the form (5.68):

(5.72)

If the functional in formula (5.72) is an integral of the evolution flow (5.67), then

and it immediately follows from formula (5.72) that the space of solutions of the Lagrangian system (5.69)
is invariant with respect to the evolution flow (5.67).

To  simplify  the  notation  and  too  cumbersome  formulae  we  consider  in  detail  here  only  the  one-
dimensional  case  (n=1),  but  then  we  point  out  the  necessary  modification  of  all  key  formulae  for  the
multidimensional  case  and  give  simple  examples  of  applications  of  our  construction  to  the
multidimensional  case  (we  note  that  all  calculations  and  results  presented  below  are  valid  in  the
multidimensional case).
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So we consider an arbitrary one-dimensional evolution system of equations:

(5.73)

possessing a non-degenerate first integral

(5.74)

Then there exists a function such that

(5.75)

The relation (5.75) is equivalent to the condition that the functional (5.74) is a first integral of the evolution
system (5.73).

By virtue of Lemma 5.2 the space of solutions of the corresponding Lagrangian system (5.69) is invariant
for the evolution system (5.73). 

Under the condition of non-degeneracy

the Lagrangian L defines the -dimensional phase space T of the Lagrangian system (5.69). In the standard way,
we introduce the phase variables for the Lagrangian system (5.69) defined by the functional (5.74):

(5.76)

The Hamiltonian of the Lagrangian system (5.69) defined by the functional (5.74) has the form

(5.77)

For the non-degenerate Lagrangian L, from the relations

we find an expression for and hence for the Hamiltonian H via the phase variables (5.76):
On the phase space T the standard finite-dimensional Lagrangian Poisson bracket is defined by

(5.78)

Correspondingly,  the  Lagrangian  system  (5.69)  assumes  the  form  of  a  finite-dimensional  canonical
Hamiltonian dynamical system:

(5.79)

Now if we express the function Q via the phase variables Q= then the following theorem is valid. 
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Theorem 5.6 ([100], [104]) An arbitrary one-dimensional evolutionary Φow (5.73) restricted to the set
of  stationary  points  of  its  non-degenerate  integral  I  (5.74)  is  a  canonical  Hamiltonian  finitedimensional
dynamical system with Hamiltonian

(5.80)

moreover, in the case of translation invariance of the Фow (5.73) and the integral I (5.74), the Hamiltonian
is in involution with the Hamiltonian H (5.77) of the Lagrangian system (5.69) defined by the functional (5.
74) with respect to the standard Lagrangian finite-dimensional Poisson bracket (5.78) on the phase space T:

Proof. First of all, we note that if we introduce the variables by formulae (5.76) and define the function H
by formula (5.77) (but we shall not consider condition (5.69) for now), then we shall obtain the following
obvious but very important functional identities on the space of vector-functions {ui(x)}:

(5.81)

From relations (5.76) and (5.81) all derivatives can be expressed via the variables We rewrite iden- tity (5.
75) in these new variables, substituting the function

(5.82)

We introduce the notation Ĝ for a function expressed via the phase variables with the help of the relations

and the second and third identities from formulae (5.81): Ĝ= This corresponds exactly to the reduction to
the space of solutions of the Lagrangian system (5.69). From the identity (5.82), in particular, it follows that

(5.83)

that is,

Correspondingly, in the translation-invariant case both functions and H must be integrals in involution for
the finite-dimensional canonical Hamiltonian system (5.79):

We consider the dynamics of the phase variables by virtue of the evolution flow (5.73). It is obvious that

The proof of the following lemma meets the very great difficulties in all of the proposed construction.
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Lemma 5.3 It follows from (5.82) that

(5.84)

By virtue of Lemma 5.3

The dynamics of the rest of the phase variables is generated by the dynamics of this variable (in fact, it
must be so since = uk(x)). 

Corollary 5.1 Any commuting evolution Φows Gs possessing a common first integral I generate (by the
explicit construction presented) integrals Q1, Q2 of the stationary system

and

for the standard Lagrangian Poisson bracket on the phase space of the stationary system.
Corollary 5.2 Let us consider two arbitrary Hamiltonian Φ ows

(5.85)

(5.86)

defined with the help of the same arbitrary local Poisson structure

where Lks is a differential Hamiltonian operator whose coefficients depend on x, uk(x) and their derivatives
If the Hamiltonians

of the Φows (5.85) and (5.86) are in involution, that is,

then these evolution Φows commute, since the condition of commutativity of the Φows has the form

and Theorem 5.6 establishes the canonical Hamiltonian property of the evolution Φow (5.85) on the set of
stationary points of the Φ ow (5.86):

In  particular,  if  an evolution flow is  defined by a  compatible  pair  of  Poisson brackets,  then it  has  higher
analogues, which satisfy the conditions of Corollary 5.2 (for example, systems of Lax type Lt=[L, A] and
many  known  integrable  systems  of  partial  differential  equations  possess  these  properties).  Many  well-
known partial solutions of evolution systems (the finite-gap solutions of the Korteweg-de Vries equation,
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the  Langmuir  solitons,  and  many  others)  can  be  obtained  by  the  reduction  of  the  system  to  the  set  of
stationary points of the corresponding integral according to the general proposed scheme.

The proof of the theorem is completely generalized to the multidimensional case. The proposed natural
reduction gives the possibility of reducing the dimension of a system that has a local conservation law, and
the  reduced  system  always  possesses  the  canonical  Hamiltonian  structure.  We  give  the  corresponding
multidimensional  formulae  and  consider  their  application  to  concrete  model  examples.  In  the  case  of
degenerate  conservation  laws  it  is  necessary  to  apply  the  Dirac  scheme,  and  the  theorem  can  be  also
generalized to this case.

Thus we consider an arbitrary multidimensional evolution system of equations (5.67). Let

(5.87)

be a first integral of the evolution system (5.67), that is, there exist functions

such that the following relation is satisfied:

where Dm is the operator of total derivative with respect to the variable xm:

We  assume  that  the  highest  derivatives  of  the  field  variables  uk(x)  with  respect  to  x1  that  occur  in  the
Lagrangian L are not mixed and have order In this case the phase variables of the stationary system

(5.88)

are defined by the following formulae (as in the one-dimensional case, we also require the non-degeneracy
of the Lagrangian L in the corresponding highest derivatives with respect to the variable x1):

(5.89)

where

(5.90)

In formulae (5.89), when we calculate variational derivatives, all the derivatives of the field variables uk(x)
of different orders with respect to x1  are considered as independent variables (in fact,  this must be so for
functionals of the form (5.90)). Correspondingly, the Hamiltonian of the stationary system has the form

and the Lagrangian Poisson bracket on the phase space is defined by

(5.91)

Correspondingly, the Lagrangian system (5.88) assumes the form of the canonical Hamiltonian dynamical
system:
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(5.92)

In just the same way as in the one-dimensional case, after introducing the phase variables by formulae (5.
89), we obtain the following identities on the space of vector-functions {uk(x)}:

(5.93)

Theorem 5.7 ([100], [104]) Any multidimensional evolution Φ ow (5.67) on the set of stationary points of
its integral (5.87) is a canonical Hamiltonian system with Hamiltonian

(5.94)

and

Example 5.1 We illustrate the proposed scheme in the simplest multidimensional situation when it requires
the minimum of necessary calculations. We consider the linear (2+1)-dimensional flow

and its non-degenerate quadratic integral

According to the general scheme we have

According to (5.89), we introduce the phase variables q, p of the stationary problem :

Then
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where

The Hamiltonian H of the stationary Lagrangian system  has the form

Example 5.2 We consider now the simplest non-linear evolution flow
(5.95)

possessing the non-degenerate quadratic integral

(5.96)

(5.97)

We introduce the phase variables q=u, p=− ux. The reduction of the (2+1)-dimensional equation (5.95) to
the set of stationary points of its integral (5.96) has the form of a canonical Hamiltonian (1+1)-dimensional
evolution system:

(5.98)

where

The Hamiltonian of the stationary Lagrangian system (5.97) has the form

The system (5.98) is equivalent to the non-linear equation

Now we consider examples of applications of Theorem 5.6.
Example 5.3 Let us consider the Gibbons-Tsarev system, that is, the non-homogeneous two-component

system of hydrodynamic type (see [72], [165])
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(5.99)

The system (5.99), as Gibbons and Tsarev showed (see [72], [165]), describes all two-parametric reductions
of  the  Benney  equations,  that  is,  the  system  of  equations  for  two-dimensional  flows  of  a  non-viscous
incompressible fluid with free surface in the field of gravity in the approximation of long waves ([8]):

(5.100)

where −∞ < x < ∞ is the horizontal coordinate, 0 ≤ y is the vertical coordinate, t is time, u=u(x, y, t) is the
horizontal component of the velocity, and h(x, t) is the height of the free surface (the normalization is the
following: the acceleration of gravity and the density of fluid are equal to 1). The vertical component of the
velocity v(x, y,  t) is eliminated from the system of Benney equations (5.100) by virtue of the equation of
continuity ux+uy=0 and the boundary condition v=0 at  y=0.  Benney also showed that  the system (5.100)
implies  the  following  homogeneous  system of  hydrodynamic  type  with  infinitely  many  components  (the
socalled moment equations):

(5.101)
where

are the corresponding moments. There are the well-known 2N-parametric reductions of Zakharov [179] for
the Benney equations

(5.102)

obtained from the moment equations (5.101) for

The  system  of  equations  (5.102)  models  the  flows  of  an  N-layer  incompressible  fluid:  ηi(x,  t)  is  the
thickness  of  the  ith  layer,  and  qi(x,t)  is  its  velocity.  The  Benney  system  (5.102)  is  a  homogeneous
diagonalizable system of hydrodynamic type, which possesses three local Poisson structures of hydrodynamic
type and is integrated by the generalized hodograph method [156], [165]. Tsarev has built a complete family
of  Combescure  transformations  for  the  Egorov  coordinate  system  corresponding  to  the  N-layer  Benney
system (5.102).  So one can find symmetries of the system and construct solutions of the system with the
help of generalized hodograph formulae (see [165]).  Along with the reduction of Zakharov (5.102), there
are  other  known  reductions  of  the  moment  equations  (5.101),  and  these  reductions  also  result  in
diagonalizable integrable systems of hydrodynamic type (see [156]). Gibbons and Tsarev [72] have studied
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the very interesting problem of describing all possible finite-parametric reductions of the moment equations
(5.101), that is, N-dimensional submanifolds Ak=Ak(u1,…, uN) that are invariant with respect to (5.101) (here
ui(x, t) are new field variables). It is shown that one always can take the variables A0, A1,…, AN−1 as the new
variables ui and, correspondingly, it is sufficient to look for reductions of the form

(5.103)

The  reduction  (5.103)  is  possible  if  and  only  if  the  following  system  of  equations  for  the  function  f  is
satisfied ([72], [165]):

(5.104)

As  is  shown  in  [72],  [165],  all  the  reductions  are  diagonalizable  integrable  homogeneous  systems  of
hydrodynamic  type.  The  system  (5.104)  is  very  interesting  and  non-trivial  even  in  the  case  of  two-
parametric reductions. In this case

After introducing new variables

we obtain the non-homogeneous quasilinear equation

which is equivalent to the non-homogeneous system of hydrodynamic type (a=zt, b=zx):

After the change of variables

the  Gibbons-Tsarev  system  assumes  the  form  (5.99).  The  system  (5.99)  is  integrable  (see  [73])  but  no
Hamiltonian representation for system (5.99) has been found. Meanwhile it is easy to find non-degenerate
quadratic laws for the system (5.99) (see [62]):
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(5.105)

where c is an arbitrary constant (for the system (5.99), this is the general form of the conservation law that
is quadratic in first derivatives).

The application of the explicit scheme of Theorem 5.6 to the conservation law automatically leads to an
integrable canonical Hamiltonian finite-dimensional dynamical system. We have:

For the stationary Lagrangian problem

(5.106)

we introduce the phase variables (qi, pi):

Correspondingly, we obtain

(5.107)

The reduction of the Gibbons-Tsarev system (5.99) to the stationary manifold of the integral (5.105) has the
form:
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(5.108)

The Hamiltonian H of the stationary Lagrangian problem (5.106) has the form

(5.109)

Since the functions Q and H are independent and in involution { , H}=0, by virtue of Theorem 5.6 (now it
is  easy  to  verify  this  fact  by  direct  calculation),  the  canonical  Hamiltonian  system  (5.108)  and  also  the
canonical Hamiltonian four-component system corresponding to the stationary Lagrangian problem (5.106)
are completely integrable.

In  just  the  same  way  Theorem  5.6  can  also  be  applied  to  other  homogeneous  and  non-homogeneous
systems of hydrodynamic type that possess non-degenerate higher conservation laws (a classification and
description of systems possessing higher conservation laws is a separate problem, which has been quite well
developed recently and there is a very rich family of corresponding examples).

As is obvious from formulae (5.107) and (5.109), the functions  and H, which are in involution with
respect  to  the  standard  Lagrangian  Poisson  bracket,  are  quadratic  in  the  momenta  p1,  p2.  Recently
Ferapontov  and  Fordy  have  established  [48],  [49],  that  if  we  apply  Theorem  5.6  to  arbitrary  non-
homogeneous systems of hydrodynamic type possessing a quadratic first-order integral, then we obtain all
pairs of functions that are quadratic in momenta and in involution. An effective description of such pairs of
functions  is  an  independent  very  interesting  problem,  which  is  important  for  theoretical  mechanics.  This
problem has not yet been solved in the general case.

Using  the  bi-Hamiltonian  representation  of  the  equation  of  associativity  (5.2),  by  the  Lenard-Magri
scheme we find its higher first-order integrals (we shall follow here to the paper [50]). It is convenient to
make all necessary calculations in the variables u1, u2, u3, which are connected with the variables a, b, c by
the  Vieta  formulae,  since  in  these  variables  the  first  Poisson  structure  M1  becomes  the  constant  Poisson
structure (see formulae (5.10) and (5.11) in Section 5.1). The second Poisson structure M2 (see formula (5.
26)) in the variables ui assumes the form

(5.110)

where the coefficients of the Poisson structure M2, which depend on the variables a, b, c, must be expressed
with  the  help  of  the  Vieta  formulae  via  the  variables  ui,  and  J  is  the  matrix  that  is  inverse  to  the  Jacobi
matrix of the change from the variables a, b, c to the variables ui:
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that is,

(5.111)

We apply the Lenard-Magri scheme to the Casimir functionals

of the first Poisson structure (5.11) of the equation of associativity.
Higher first integrals Im can be found from the relations

(5.112)

Direct calculations result in the following explicit formulae for the higher first integrals (Im are the densities
of the functionals Im):

(5.113)

and the integrals I2 and I3 are obtained from (5.113) by the change of indices 1 ↔ 2 and 1 ↔ 3 respectively.
It is easy to verify that by virtue of (5.10) we have

(5.114)

where

(5.115)

The following evident relation is valid:

(5.116)

since the functional

is a Casimir functional of the Poisson structure In fact, it is easy to show that
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and hence there are only two linearly independent integrals among Im

Higher third-order flows of the hierarchy of the equations of associativity (5.10) have the form

(5.117)

The constructed independent higher integrals I1 and I2 are quadratic in the first derivatives, that is, they have
the form

(5.118)

In addition,  the system of  equations of  associativity (5.10)  possesses  five first  integrals  of  hydrodynamic
type

(5.119)

(5.120)

(5.121)

An arbitrary linear combination of the first integrals (5.118)– (5.121)

(5.122)

defines a Lagrangian of the motion of a particle in curved space with the metric
(5.123)

under the influence of the potential  V(u)  that  is  a cubic polynomial in the variables ui  Here λ1  and λ2  are
arbitrary constants. For any choice of these constants with the exception of the following special cases: 1)
λ1=λ2, 2) λ1=0, 3) λ2=0, the metric (5.123) is non-degenerate, and hence the Lagrangian (5.122) is also non-
degenerate.

Thus  according  to  Theorem  5.6,  we  can  consider  the  restriction  of  the  equation  of  associativity
represented in the form of the system of hydrodynamic type (5.10) to the set of stationary points of the integral
(5.122).  And then we obtain an integrable finite-dimensional canonical Hamiltonian dynamical system as
the reduction of the equation of associativity.
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